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» Compartmental analysis of drug concentrations and
clearance
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An optimization viewpoint (Bell 94)
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Constrained Kalman-Bucy smoother.
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An interior point framework.

v

A toy ship tracking problem.

v

Implementation of a constrained iterated Kalman-Bucy
smoother.
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Unconstrained Transition Model

Xk = Ok(Xk_1) + Wk, k=1,2,... N (time)

Xo = X0+ €

v

Xo a known estimate, ey ~ N(0, Py)

v

g : R” — R the transition function (known)

v

Xk € R" the state sequence (unknown)

v

wi ~ N(0, Qx) transition noise

v

Qx € S transition covariance (known)
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Unconstrained Measurment Model

Zk:hk(Xk)—i-Vk, k=12 ...,N

» z, € R™ measurement vector (known)
» hy : R” — R™ the measurement function (known)
» v, ~ N(0, R) measurement noise

» Ry € S measurement covariance
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Full Model

Xo = Xo+eéo
Xk = gk(Xk,1)—|—Wk, k:1,2,...,N

Zy = hk(Xk)—l-Vk, k=1,2,...,N

€p ~ N(O, Po), Wy ~ N(O, C)k)7 Vi ~ N(O, Rk)

Affine Case: Vg = constant and Vh = constant
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The Unconstrained Likelihood Problem

The negative log-likelihood function
L = o= %) TP 0 — %
(X0,---,Xn) = 2(Xo Xo)' Py (X0 — Xo)

+1Z

P
_|_
k=1 (2 — ()" R (21 — ie(x))

N

N O — gi(xk=1))T Q! (e — gre(xee1))

minimize L(x) st xeR™
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Kalman-Filter

minmin ... minmin L(xg, X, ..., Xn)
XN XN—1 X1 Xo

(X0 — %) Py (%0 — %o)
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min  (x = X)TP 1 (x - %)+ (z— h(x))TR~'(z — h(x))
(y—90))TQ ' (y — g(x)) + f(y,w)

(min) min (x —X)"P'(x = X)+ (z— h(x))"R~1(z — h(x))
y,w x
(y =90 Q (y = g(x) + f(y,w)
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min (y — )Py — §) + f(y, w)
(y,w)

where
U=[P'+VhR VAT, P=Q+VgTUvg,
u=%+UVhR Y (z—h(&), ¥=g(u).

Recursive application gives the Kalman Filter yielding the
optimal xy.

The Kalman-Bucy smoother is the complete optimal solution
obtained by back-solving first for xy_1, then for xy_o, ....
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Dimension Reduction: Affine Case

L(XO ..... XN) = %(XO — )/\(0)TP0_1(X0 — 5\(0) + % (Zo — ho(Xo))T RO_1 (ZO — ho(Xo))
4300 —a100) Q" (11— 91(%)

N-1 (20— he(x0)T R (2 — ()
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L1 (X1 ..... XN) = %(X1 — X1) P1 (X1 — X1) + % (Z1 — h1 (X1)) R1_1 (Z1 — h1 (X1))
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SN (20— ()T R (26— ()
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The lterated Kalman-Bucy Smoother (Bell 94)

minimize L(x;y) st yeR™

1 n _ N
Le(x;y) = E(Xo — %) Py (X0 — %0)

T

(Yk — Ok (Xk—1: Yk—1)) V(Wi — Ok (X—1: Yie—1))

Q
I
! R’ (Zk — P (X Yk)>

Ok(Xk—1:Yk—1) = Ik(Xk—1) + G (X—1)(Vk—1 — Xk—1)

he(xiyk) = hi(x) + i (x) (ke — k)
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A Large Scale Tridiagonal QP

min %yTCerdTy y e R™W

Ci Al 0
| R G
0 .. e e
0 Axn Cy
Ac = Q' gk(Xk-1)
Ck = Qu+Me(x) R M%) + Ghs 1 (%K) T Qi1 s 1 (Xk)

Solution: y=-C'd
Efficient tridiagonal solvers are available, but better algorithms
are needed.
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The Constrained Model

The transition model:

Xk = Gk(Xk—1)+wx (k=1,...,N)
Xo = Xo+ €

The measurement model:

zk = he(xk) + vk (k=1,...,N)

The constraints:

fi(Xk—1,Xk) <0, wherefk:R”—wa (k=1,...,N)

Goal: Develop a solver that uses the same linear algebraic
tools as the unconstrained problem.
(Strongly PD tridiagonal systems)
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The Constrained Gauss-Newton Model

minimize  $y"Cy +d'y
subjectto b+By+s=0, 0<s

C is tridiagonal.

Difi(x1) 0 0 0
Difo(x1,x2) Dofo(Xx1,X2) --- 0 0
0 0 DN—1fN(XN—1,XN) DNfI’\I(XN—‘I,XN)

B is a lower triangular bi-diagonal matrix.
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QP First-Order Optimality Conditions

F(s,u,y)=0 with0 < sand0 < u

where
S+ b+ By Primal Feasibility
F(s,u,y) = A(s)\(u)e Complementarity
Cy+BTu+d Stationarity
with
Zq 0
Mz2)=| o 0
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Relaxation and the Central Path

Let u >0, and set 1 = vector of all ones.
Consider solutions to the following eq. with 0 < sand 0 < u:

S+ b+ By
0
pl | =F(s,uy)=1| As)Nu)e
0

Cy+B'u+d

The central path is the trajectory determined as the solutions of
this equation with 0 < s and 0 < v as a function of x> 0:

(s(1), u(p), y (1))

We apply a predictor-corrector Newton method to follow this
trajectory as i | O.
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A Primal-Dual Interior Point Approach

Let i/ | 0.
Iteratively solve

As
Au
Ay

F(s,u,yly+ F(s,u,y))

and set

s +tAs >0
v = Uv+tAu >0
Yo = yi+tay >0

t > 0 is a line search parameter

]
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Row Reduce F’ to a Tridiagonal System

The key to success is the structure of F'(s,u, y):

I 0 B
F'(s,u,y)= {/\(U) A(s) 0]
o BT ¢

Row reduce F'(s,u, y):

—
=
= —
SN—r
=
U)O
N—r
(=Jvy]

[

—
O O —~

0 B
I —A\(s)""A\(u)B ]
0 C+BTA(s)"'ANu)B
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Ci Al 0
A, C, AT 0
C+ BTA(s) "A(u)B = 02 s
0 Ay Cn
where
Crk = Ci+ Dio1ficX—1, Xk) TA(Sk—1) " MUk—1) Di—1 fic(Xk—1, X&)

+ Dy (Xk—1, Xic) T N(Sk) ™ N(Uie) Dicfie (X1, Xic)

and



What is the structure of C 4+ BTA(s)~'A(u)B?

Ci Al 0
A, G, Al 0
C+ BTA(s)"'A(u)B = 02 2’3
0 Ay Cy
where
Crk = Ci+ Dio1ficX—1, Xk) TA(Sk—1) " MUk—1) Di—1 fic(Xk—1, X&)
+ Dy fie(Xk—1, Xic) TA(Sk) ™ AUie) D Fi (X1 X))
and

Ai = A+ Dic_ 1 fi(Xie—1, X1 )N(Sk—1) ™ NUk—1) Die—1 i1 (Xie—1, %) T
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A Toy Ship tracking Example

Track a ship traveling close to shore.

Given:
» The location of the shoreline: The graph of 1.25 — sin(¢).

(u, v) is on the shore if v = 1.25 — sin(u).
(u, v) is off-shore if v > 1.25 — sin(u).
Thus, an off-shore constraint is given by

f(u,v) =1.25—sin(u) —v <0.

» The distance measurements from two fixed on-shore
stations to the ship, with error: (0,0) and (2, 0).
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Xi(t) =1 first component of velocity
Xo(t) =t first component of position
X3(t) = —cos(t) second component of velocity

X4(t) =1.3-sin(t) second component of position

Model the velocity error components as independent Brownian
motions plus an initial velocity.



Dynamics

Xi(t) =1 first component of velocity
Xo(t) =t first component of position
X3(t) = —cos(t) second component of velocity

X4(t) =1.3-sin(t) second component of position

Model the velocity error components as independent Brownian
motions plus an initial velocity.

Model observed position as the integral of the velocity error
plus an initial location.



Discrete Transition Model

Approximate the stochastic integral by Euler's method with
constant spacing At. This gives the discrete process.



Discrete Transition Model

Approximate the stochastic integral by Euler's method with

constant spacing At. This gives the discrete process.
The transition model becomes

X1 k—1
Xo k-1 + X1 k—1At

Xk_1) = ’ ’

Ik (Xk—1) Yok,
X4 k—1 + Xa k-1 DL

with
At AfP/2 0 0
A?/2 AB/3 0 0
Qk = 2
0 0 At AR)2

0 0 Af?/2 A3/3



Discrete Transition Model
Approximate the stochastic integral by Euler's method with

constant spacing At. This gives the discrete process.
The transition model becomes

X1 k—1
Xo k-1 + X1 k—1At
Xk—1) = : :
Ik (Xk—1) Yok,
X4 k—1 + Xa k-1 DL
with
At AfP/2 0 0
A?/2 AB/3 0 0
Qk = 2
0 0 At Ate/2
0 0 Af?/2 A3
Initialize with

g1(X0) :X(t1), Q1 = 1OOI4X4 .



Measurement Model

Constant variance 2.

Shore distance measurement locations (0,0) and (27, 0).

> >
\/ X2k T X4k

\/(x2,k —2m)2 4+ X2,

o2 0

hy(xx) =

and



Constraints

The ship cannot cross land:
X4(t) > 1.25 — sin[Xo(1)]

SO
fk(Xk) =1.25— Sin(Xg,k) — X4k -



Initialization Data

N = 50 number of measurement times
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Initialization Data
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Initialization Data

50

27 /N

kAt

.25

N(Oa Rk)
hi[ X ()] + vk

number of measurement times

spacing between time points

time corresponding to k-th measurement
standard deviation of measurement noise
simulated measurement noise

simulated measurement value



Initialization Data

N = 50 number of measurement times

At = 27/N spacing between time points

bk = kAt time corresponding to k-th measurement
o = .25 standard deviation of measurement noise
ik ~ N(O,Rx) simulated measurement noise

Zk = h[X(t)] + vk simulated measurement value

Initial state: xo = (0,0,0,1)7.



Initialization Data

N = 50 number of measurement times

At = 27/N spacing between time points

bk = kAt time corresponding to k-th measurement
o = .25 standard deviation of measurement noise
ik ~ N(O,Rx) simulated measurement noise

Zk = h[X(t)] + vk simulated measurement value

Initial state: xo = (0,0,0,1)7.

Initial constraint violation:

fk(Xl(()) =1.25- Sin(ngk) — X4k = .25>0
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Nonlinear Kalman—Bucy Smoother
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The Nonlinear Algorithm

An SQP algorithm with ¢4 penalty linesearch.

=2

¢

o(x) = > max(f(xc);,0l,

k=1 i=1

N
Z Z max|fi(xk)i + fr(Xk)i(Yk — Xk), 0]

k=1 i=1



Step 0: Initialization: Choose x° € R™ and ag > 0. Set
v =0.

Step 1: Solve (inexactly) the QP subproblem for y*.
Step 2: Check convergence criteria.

Step 3: (Update the Penalty Parameter) Set &, = a,,.
Define the value

G=" = x)TC(y = x) + (@) (v —x")

If ¢, < &,o(xY), set a,.1 = &,; otherwise,
a1 = max[(, /o(xY) , 24&,].



Step 4: Compute the line search step size \p:

u (@) (" = %) + a1 [d(x*; ") — o(x)]
H,(A) = LIX"+ A" = x")] + app10[x” + A(y” — x¥)]
A = max{279 | g€ Z; and H,(279) — H,(0) < 279, /1C

Step 5: Set x*™! = x¥ + )\, (y¥ — x¥), then set v = v + 1
and go to Step 1.



Convergence Assumptions

1. The QP subproblems are all feasible. (Not strictly required)
2. The sequence {y”} is bounded.
3. The matrices g, (x;_;) are all invertible.

4. All cluster points of {x”} satisfy the generalized MFCQ.



Convergence Theorem

» The sequences
{x*} and {C,}

are bounded.

» {C,} is contained in a compact set of real symmetric
positive definite matrices.

» Every cluster point is a KKT point.



