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ABSTRACT. We study parabolic iterated function systems (IFS)
with overlaps on the real line and measures associated with them.
A Borel probability measure p on the coding space projects into a
measure v on the limit set of the IFS. We consider families of IFS
satisfying a transversality condition. In [SSU2] sufficient condi-
tions were found for the measure v to be absolutely continuous
for Lebesgue-a.e. parameter value. Here we investigate when v
has a density in L4(R) for q > 1. A necessary condition is that
the g-dimension of y (computed with respect to a certain met-
ric associated with the IFS) is greater or equal to one. We prove
that this is sharp for 1 < g < 2 in the following sense: if p is a
Gibbs measure with a Holder continuous potential, then v has a
density in L7(R) for Lebesgue-a.e. parameter value such that the
q-dimension of  is greater than one. This result is applied to a
family of random continued fractions studied by R. Lyons.

1. INTRODUCTION

We continue to study parabolic iterated function systems (IFS) with overlaps on
the real line. In our joint work with K. Simon [SSU1] we investigated the Haus-
dorff dimension of the limit set. The paper [SSU2] focused on the properties of
invariant measures. An ergodic shift-invariant measure u with positive entropy hy
on the coding space induces an invariant (stationary) measure v on the limit set
of the iterated function system. The Hausdorff dimension of v equals the ratio of
entropy over Lyapunov exponent if the IFS has no “overlaps”. [SSU2] investigated
families of parabolic IFS which do have overlaps but satisty a transversality condi-
tion. It was proved that for almost every (with respect to the Lebesgue measure)
member of such a family, if the entropy exceeds the Lyapunov exponent, then the
1845
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invariant measure is absolutely continuous, otherwise the above-mentioned for-
mula for dimension still holds. We recall the set-up and the main result of [SSU2]
in Section 2.

In this paper we explore the case when the projected measure v is absolutely
continuous and investigate when it has a density in L7(R). A similar question
for linear IFS was studied in [PS], and we use some of the methods from [PS]
here. It turns out that the crucial role is played by the q-dimension of the measure
u computed with respect to a natural metric associated with the IFS. If the g-
dimension of p is less than one, then v cannot have an L7-density, for any g > 1.
Our main result is that, under some additional conditions, if g € (1, 2] and the g-
dimension of  is greater than one, then typically the projected measure does have
a density in L7(R). The precise formulation is given in Section 3 (see Corollary
3.8). One of the conditions is transversality for the family of IFS and another
one is that p is a Gibbs measure with a Hélder continuous potential. Section 3
contains other results as well, which are not as sharp, but require only that u be
an atomless Borel probability measure (it need not even be invariant). In the case
of a hyperbolic IFS these difficulties disappear, and we obtain a sharp result for a
general measure (see Theorem 3.9).

In Section 4 our results are applied to an interesting family of measures con-
sidered by R. Lyons [L]. These measures (depending on a parameter) correspond
to a class of random continued fractions. Lyons [L] found a threshold parameter
above which the measures cannot have a density in L?(R). We prove that this
threshold is sharp by showing that the measures are absolutely continuous with
a density in L?(R) for almost every parameter value in some interval just below
the threshold. We also prove that there is a similar threshold for the existence of
Li-density for any g € (1,2].

2. FAMILIES OF PARABOLIC ITERATED FUNCTION SYSTEMS

Here we recall the set-up and the main result of [SSU2].

Let X C R be a closed interval and ¢ € (0,1]. A C!*¥ map @ : X — X is
hyperbolic if 0 < |’ (x)| < 1 forall x € X. We say thata C'*® map ¢ : X — X
is parabolic if the following requirements are fulfilled:

o there is only one point v € X such that p(v) = v;
o [ (V) =1land 0 < |@'(x)| <1forallx € X\ {v};
e thereexists C; = 1 and B = B(@) < 3/(1 = 9) (= w0 if = 1) such that

21) ' <liminf 1@ =11 He ()1 - 1]
) 1 - X—-v -

< limsu
|x — vl XV |x —vlB

< (.

We will need the following basic lemma on iteration of a single parabolic
function. For the proof see [U, Lemmas 2.2, 2.3].
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Lemma 2.1. For every neighborhood V' of v there exists a constant L(V) = 1
such that for all x € X \'V and alln = 1,

(2.2) LOV) ' <|@™(x) —v|-(n+ 1DV <L(V);
(2.3) LOV) V< (@M (x)] - (m+ 1)BDIE < (V).

Now, following [SSU1, SSU2], we define the class of parabolic IFS under

investigation.

Definition 2.2. Let ® = {@1,..., Pk} be a collection of C'*? functions
on a closed interval X C R such that @y is parabolic with the fixed point v
and the other functions are hyperbolic. We write ® € Ix(9) if, in addition,
@i(X) c nt(X)\ {v} foralli <k - 1.

Let A = {1,...,k}. We define the natural projection map e : A*° — R
by setting {Tte ()} = Ny>1 Pwl, (X), where wly = w; -+ Wy and P, =
Puw, 00 Pu,. P €Tx($) then the map 14 is well-defined and continuous
(see [SSU1, Lemma 5.6]). We have

o (W) = P|, (Me(0"w)), forallw e A* andn > 1,

where o is the left shift on A®. The limit set, or attractor, of the IFS ® is defined
by Jo = e (A®). It is easy to see that Jo is the unique non-empty compact set
such that Jo = Uj<x @i(Js). Let U € R4 be an open set. Consider a family of
parabolic IFS

(2.4) ' = {@l,..., 9, r} €Tx(9), tel.

Although the parabolic function does nor depend on the parameter, it is sometimes
convenient to write @} = @i for t € U. Let ¢ : A® — R be the natural
projection associated with ®' and denote Ji = Jot. Two conditions which control
the dependence on t will be needed.

CONTINUITY: the maps

(2.5) t — @' are continuous from U to C'*¥(X), fori<k- 1.
1

TRANSVERSALITY CONDITION: there exists a constant C, such that for all w
and T in A® with w; # 11,

(2.6) LafteU: |m(w) —m(T)| <7r} <Cr, foralr >0,
where L4 for the Lebesgue measure in R4,

A mild additional condition on the parabolic map @ will be needed in our
theorems.
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Definition 2.3. Say that a parabolic function @ on X with the fixed point v
is well-behaved on a connected open neighborhood V of v if @), is monotone on
each componentof VN X'\ {v}.

In fact, there are three possibilities for a well-behaved function:

(@) v is the left endpoint of X; then @'(v) = 1 and @’(x) is decreasing on
[v,v + &) for some & > 0;

(b) v is the right endpoint of X; then @'(v) = 1 and @’ (x) is increasing on
(v = 8,v] for some & > 0;

(c) v is in the interior of X; then @'(v) = =1 and |@’(x)] is increasing on
(v — 8,v] and decreasing on [V, V + 9) for some & > 0.

Clearly, any real-analytic parabolic function is well-behaved on some neighbor-

hood of the parabolic point.
For @ € C'*¥(X) we write

19" lle = sup{l@'(x) = @' (W) - Ix - ¥1"% : x, ¥ € X},

and [|9'||9 := max{l|@jlle : i € A} for an IFS ® = {@;}ica. We denote by
| - |I the supremum norm on X. Given two IFS ® = {@,...,px} and ¥ =
{WYi,..., PYr}, we write

& - Y = I?jl’ziH(Pi — il and & -¥'| = IlILa}(XH(P{ - yill.
Following [SSU1, SSU2] we introduce additional notation useful for families of

IFS. We write ® € Ix(9,V,y,u,M) for ® € Ix($) if V is a connected open
neighborhood of the parabolic point v such that

k-1
2.7) Vol eux) =2,

i=1
(2.8) max{ || (@)l :i <k~ 1} <y € (0,1),
(2.9) min{|@(x)|:x € X, i<k} zu € (0,1),

and [|®’[l¢ < M. By Definition 2.2, every ® € I'x(9) belongs to I'x(%,V,y, u, M)
for some V, y, u, and M. Given a finite word o € A*, let h(w) denote the
number of all hyperbolic letters (i.e., # k) appearing in w. By (2.8),

(2.10) @il < y"™  forallw e A*.

We will need three technical lemmas from [SSU1, SSU2]. The first of them
is a basic result on distortion for parabolic IFS; the second one says that if @i
is well-behaved, then the derivative of a map @y, cannot be too small near the
parabolic point, and the third one compares the derivatives at a single point but
for two distinct IFS.
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Lemma 2.4. (see [SSU1, Lemma 5.8]) There exists a constant
C3=0C(X,9,V,y,u,M) > 1
such that for every ® € Ix (3, V,y,u,M), all w € A® and alln = 1,

< — <Cz; forallx, yeX\V.
@, ()] = & foralx e

Lemma 2.5. (see [SSU2, Lemma 4.3]) There exists a constant
Cs=C4(X,9,V,y,u,M) > 1

such that for any parabolic IFS ® € Tx(8,V,y, u, M) with the property that Qi is
well-behaved on 'V, the following holds: For all w € A% and alln € N,

w <C4 forallxeXandyeX\V.
1@, ()]

Lemma 2.6. (see [SSU1, Corollary 6.3]) There exists a constant
Cs=GC5(X,9,V,y,u,M) >0

such that for any two IFS ® = {Q1,..., @k} and ¥ = {Y1,...,Pi}, in
Ix(3,V,y,u,M), with @i = Yk, for all w € A* and all x € X,

@y, (x)] _ 9 T
(2.12) A < exp(Gsh(w)([|® =¥ + [|&" =¥'[])).

The following was the main result of [SSU2]. Recall that the Hausdorft di-
mension of a measure v on R is defined by dimp v = inf{dimpg (F) : V(R \ F) =
0}.

Theorem 2.7. (see [SSU2, Theorem 2.3]) Suppose that {®'} 5 is a family of
parabolic IFS (2.4) satisfying (2.5) and (2.6), such that Qy is well-behaved on some
neighborhood of v. Let p be a shifi-invariant ergodic Borel probability measure on
A with positive entropy hy and let vi = p o 1ty ', Then

(i) for Lebesgue-a.e. t € U,

. . hy
dimy v¢ = mm{xu(@t) , 1}

where X, (®') = — [ 4. log @, (e (ow)) | du(w) is the Lyapunov exponent
of the IFS;
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(ii) the measure vy is absolutely continuous for a.e. tin {t € U : hy /X, (®Y) > 1}.

It is therefore tempting to ask about the properties of the Radon-Nikodym
derivative of the measure V¢ with respect to the Lebesgue measure in the case
when the former measure is absolutely continuous. The next section is devoted to

this problem.

Notation. We write Bs(t) for the open ball of radius 6§ centered at ty and
L, for the Lebesgue measure in R?. If i is a measure we often write uF without
parentheses. Recall that A = {1,...,k}. For a finite word w € A" the corre-
sponding cylinder set in A% is denoted by [w]. For w and T in A*® we denote by
w A T their common initial segment, so that w, T € [w A T] and Wy+1 # Tne
forn = |w A T|. The symbol < means that the inequality holds up to an absolute
multiplicative constant, and < means that both < and > are true.

3. L9 DENSITIES

In this section we explore the problem of when the projection measures vy are
absolutely continuous with L% densities. It is related to the notion of q-dimension
of a probability measure on a metric space.

Definition 3.1. Suppose that (X, @) is a metric space, i is a Borel probability
measure on X, and q > 1. The g-dimension of pu with respect to the metric ¢ is

defined by
(3.1) Dg(p) =sup{t = 0:1I;4(n) < oo},

where I; 4 (1) is the (t, q)-energy of the measure y, given by the formula

d a-1
(3.2) It,q(u)=J( g(ii(;w du(x).

Remark. Hunt and Kaloshin [HK, Proposition 2.1] showed that D, (1) equals
the lower L9-dimension of ut defined as

lim ié]f(logr)’1 log J([JBy (xNTtdp
T*»

(the upper L-dimension is obtained by taking limsup). The upper and lower
Li-dimensions are usually denoted Dy (n) and Dj(p), and the L2-dimension is
said to exist if D (1) = D/ (1). In this paper we suppress the “~” sign, since in
what follows we only need the definition (3.1); this does not mean to imply that
the L9-dimension of p exists. We note also that in the important case when g = 2,
the L9-dimension of a measure is called its correlation dimension.

The following elementary lemma and its corollary are known; we include a
short proof for completeness.
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Lemma 3.2. Let X be a compact interval on the real line and consider the space
LU(X) with respect to the Lebesgue measure. If @ > 1 and h € LA(X), then

q-1
(3.3) JX (JX % dy) hix)dx <o foralls < 1.
Proof’ Fix s < 1. Since k() = [x — ¥|™5 € L}(X), the convolution (h *
k)(x) = [y h(y)|x—y|*dyisin L9(X), and hence (h x k)4"! € La/ta-1(x).
But the latter space is the dual of L7(X), and (3.3) follows. O
Corollary 3.3. Let v be a compactly supported Borel probability measure on the

real line. If v is absolutely continuous with a density in L1(R), then Dg(v) = 1,
where the q-dimension is computed with respect to the Euclidean metric.

This is immediate from Definition 3.1 and Lemma 3.2.

Now consider a parabolic iterated function system ® € Ix($,V,y,u,M).
For w € A* denote Xy := @y (X) and Xy 1= @u(X \ V). We equip the
coding space A% with two metrics d; and d, given by the formulas (for w # T):

di(w,T) = | Xprrl and da(w,T) = | Xepnrl, where | - | denotes the Lebesgue
measure on R. Notice that Lemma 2.4 implies the existence of a constant Cs > 0
such that if k € {w, T} satisfies (T!¥Tlk); + k, then

34 oM@ (') | < [Xeonr| < Col@ipar (T (07T K)) .

Therefore, the metric d is equivalent to another metric given by the formula

dy (0, T) = max{| @y, (T (O 0)) |, | @i pr (T (01 OATIT)) [

Clearly, the g-dimension depends only on the Lipschitz equivalence class of the
metric; thus, the g-dimension corresponding to d; is independent of the set V.

Let us denote by It(,i‘;(u) and Dg(,i) (M), i =1, 2, respectively the (t, q)-energy and
the g-dimension of y computed with respect to the metric d;. It is immediate
from the definition that D,(ll)(u) > Dt(f) (u). Of course, the metrics d; and g-
dimensions Dt(zi)(u), i = 1, 2, depend on the iterated function system under
consideration, so dealing with families of IFS we will write IXS) [, It(‘ié‘lt) (u) and
Dg(li’t) (1) to indicate the parameter.

We begin with the proof of the following result.

Theorem 3.4. Let u be a Borel probability measure on A% and q > 1. If
v = o 11 is absolutely continuous with a density in L1(R), then D,(ll) (n) = 1.

Proof. Since | T (w)—1(T)| < di(w, T) forall w, T € A®, we have It 4(po

) > It(,lq)(u) for all t > 0, and hence Dg(p o 1) < D,(ll)(u). Now the
statement follows from Corollary 3.3. O
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Now we are in a position to prove the first new result of this paper. Its proof

combines the methods of [PS, Theorem 4.1] and [SSU2].

Theorem 3.5. Suppose that {9} .y is a family of parabolic IFS in
Ix(9,V,y,u,M) satisfying (2.4), (2.5) and (2.6), such that Qi is well-behaved
on some neighborhood of the parabolic point v. Suppose that y is a Borel atomless
probability measure on A% and that Dt(zz’t‘)) (M) > 1 forsomeq € (1,2] and ty € U.
Then there exists § > 0 such that for Lg-a.e. € € Bs(t) the measure vy = po Tt ' is

absolutely continuwous with a density in L1(R).

Proof. Let b = log(1/y). Fix 1 <5 < D" (u) and & = b(s — 1). In view
of Lemma 2.6, there exists & > 0 so small that forall w € A* and all x € X,

|((p1t,8)’(x)| < pth(w).

3.5 t—-ty <6 <

(.3) t-bl=0= 1oyl

We are going to show that

(3.6) 7= J J D(ve,x)7 1 dvi(x) dt < oo,
Bs(tp) JR

where
vilx —r,x +7]
2r

D(vy, x) = lim\ionf

is the lower density of the measure vy at the point x. Then by [Mat, 2.12],

the measure V¢ is absolutely continuous for a.e. t € Bs(ty). For such t we have

D(vy,x) = dvi/dx, so (3.6) will imply that dvi/dx € L1(R) fora.e. t € Bs(tp).
First we apply Fatou’s Lemma and then make a change of variable to get

ilx —7r,x +r])a!

(3.7) 7 slu;n\lonf s Ja Pt dvi(x) dt
T (ViBy (T (w)))47!
- llrgl\banBﬁ(to) J ) 2r)a-l du(w) dt.

Next we reverse the order of integration and use Holder’s inequality (recall that
1 < q < 2) to obtain

1 1
. q
(3.8) 7 < 111;1\10nf(21f) J ) (Lﬁ(to) ViBy (Tt (w)) dt) du(w).
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Denoting by 1 the characteristic function of a set E, we have

(3.9) J VeBy (e (@) dt
Bs(tg)

=J J 1B, (m (w)) dve dt
Bs(ty) JR

=J J 1irea=:mw)-m ) <r; AU(T) dt

Bs(ty e

= | Latte Botto)  Im() - m(m)] < 7} du(r)

:j Lafte Bs(ty) : () — ()] < 7} du().
A*\{w}

We could write the last equality since p is atomless. Now take an arbitrary
T € A® \ {w} and denote p = w A T. Then we have for some ¢ €
[me(a!?lw), Tt (0/P17)] using the Mean Value Theorem and (3.5):

e () — e (T) | = |((p:))'(c)| . |-,Tt(0-\ﬂlw) —TTt(O"plT)|
2 [(@p) (©)le P (0 lw) — m(aP1T)].

Since Wp|+1 # Tip|+1, at least for one element k € {w, T} we have k|p+1 # k.
Since (0?'k); # k, we have w(0?'k) ¢ V by (2.7). Therefore, by Lemma (2.5)
and (3.4),

(3.10) |me(w) — T (T) | >C4‘|(<p ) (r(0' k)|
e P (0Pl w) — (o PIT) |
> (C4Co) M IXPY| - e MO (0P w) - (0PI,
It follows that
Ls{t € Bs(tg) : [ (w) — e (T)| < 7}

h(p)e
<1y, {t € Bs(ty) : | (071° ew) — 1 (01°17) | < M}

S(t
X5
< C2C4C6eh(p)g1’ . |)N(;(;t0)|_l

by the transversality condition (2.6). Substituting this into (3.9) we obtain from
(3.8)

Gay 1= ([, R du(r))q_lduw)

- .. (Ze e[ X8 1 (| ]\ [l D))" due).
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In view of (3.4) and (2.10), we can continue our estimate of 7 as follows, using
thaty =e?and e = b(s - 1),

7<Jw(
5Jw(
ﬁJw(n

-] ( ann) ) du(w) = 14 (1) < o,

| X Is

@l | R 1SR 1 ([ )V [w] D) du()

[Me g,M8

ole=(s l)h)h(wln)|XgTy)l| ‘u(fwl, ]\ [w|n+1])> du(w)
0

N
Il

Ko | u(w]

Wln

Vwlpn])" du(w)

Ms

since Dg(lz‘tO) (1) > s by the choice of s. The proof is complete. O

Next we prove a result which uses the g-dimension calculated with respect to
the metric d;. Recall that 8 > 0 appears in the definition of a parabolic map (2.1).

Theorem 3.6. Suppose that {®'}cg is a family of parabolic IFS in
Ix(93,V,y,u,M) satisfying (2.4), (2.5) and (2.6), such that @y is well-behaved
on some neighborhood of the parabolic point v. Suppose thar p is a Borel atomless

probability measure on A*® such that Dg(ll‘t‘))(u) > 1+ B for some q € (1,2] and
to € U. Then there exists 5 > 0 such that for Lg-a.e. t € Bs(ty) the measure
Ve = Moty s absolutely continuous with a density in L1(R).

Proof. As in the proof of Theorem 3.5, we let b = log(1/y). Fix s so that

B+1 < s < D,(ll‘t‘))(u) and let € = b(s — 1). Then we repeat the proof of
Theorem (3.5) until (3.11) almost word by word. However, we use only the first

line of (3.10), keeping |(@F)’ (1 (o' k)) | instead of |X5" | and obtain

12 (] @ @R (@)1 L)

du(w)| @y (m(a?li)].

Write p = kP P) | where the last letter of « is different from k. Since (o?'k); #
k, we have 1(0'?'k) ¢ V. Therefore, applying Lemma 2.1 and Lemma 2.4, we

get

X5 = (@) II(p(p) + 1) VB,
(@) (t(o?lk) | = 1(@R) 1(p(p) + 1)~ B+DIB,
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Hence

7

IA

q-1
[ ([ S| (@YY [ (p(p) + 1) B+VIB du(ﬂ) Ap(w)
A A*\{w}

J (J PO (@) 1 (p(p) + 1)~VB) =S| (@) [I57!
A® A*\{w}

q-1
x (p(p) + 1)B+DIB=5/B du(r)) Au(w)

ﬁJ <J hPIE=bh(P)S=1) ((p) 4 1) (B+1-5)/B
> N JA®\{w}

(to) -l
X X dpn) ()

(ty) a1 (1,t9)
<[ (] xEranm) du) < 150w <o,
® A=\ {w}

since D" > s by the choice of 5. Above, when passing from the second to the

third displayed line we used that || (@) < yh(@ = yh(p) = o=bh(p)  After that
we used that € = b(s — 1) and B + 1 — 5 < 0. The proof is complete. O

Next we show that for certain shift-invariant measures Theorem 3.5 is in a
sense optimal. We call a Borel probability measure u on A% well-mixing if pli] <
1 for every i € A and if there exist constants C; > 0 and € > 1 such that if «,
n, € € A*, and In| = ¥, then u[ant€] < Crul«x]u[T]. Every Bernoulli measure
is obviously well-mixing and, more generally, every Gibbs (equilibrium) state of
a Holder continuous potential is well-mixing, see [Bo]. An easy induction shows
that if p is well-mixing then there exist constants Cg > 0 and 0 < A < 1 such that
for every n = 0, every € A*, and every n € A"

(3.12) pulan] < CsA"ul«].

Proposition 3.7. If i is a well-mixing measure on A%, then D,(ll) (u) = Dg(lz) ()
for every q > 1.

Proof Since D,(ll) () = D((f)(u), we are only left to show that Dél)(u) <
DL(IZ)([J). Fix w, T € A%®, w # T, and write p := w A T = xkP®), where the last
letter of & = «(p) is different from k. By (2.3), |}, (1w (c!P'k))| = ll@4ll(p(p)+
1)~ B+D/B where k € {w, T} is that element for which (o'?'k); # k. Therefore,
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using (3.4), we can estimate for any s > 0:

du(t) !
(2) - 7
613 18w -] (F55%:) e

du(T) -
: qu <|cp;(n(alpx>>|s> dp(w)
q-1

< (], 1eal s ey + DIE S duen) ) duteo)

< jﬂw (Lq Xol ™ (p(p) + 1)LETDIBS du(r))q1 dp(w).

Given w € A*® we define the sequence {ky (w)}n=0 to be the increasing enu-
meration of all elements i > 1 such that w; # k, with the convention kq(w) = 0.
Then fix an arbitrary € > 1 such that CgA? < 1 and define

(3.14) L (W) = min{ky(w) + €, kpiq1(w)}
and

__ G
(3.15) Cy = YA

Note that both w — ky(w) and w ~ €, (w) are Borel measurable functions.
Further,

P(0lk, (w)+i) = P(@lky(a)k?) =i for0<i<kpii(w) —kn(w) -1,
so we can continue (3.13) as follows
kn1(w)—ky(w)—1

(3.16) I&)(n) = le ( S X ol ) D (i + 1)LB+D/Bls
i=0

n=0
-1
X U([ Wk (w)+i] \ [wkn(w)+i+l])>q au(w).
We claim that
(3.17) L sl = vl |y enye] < CoA (ulw | ] = pulw ] p])

for every k = 1 and every j = 0. And indeed, applying (3.12), we get

ulw |y jol + CoAlplw ], o] < plw [ 1CsAY + Codlp[w | ]CsA!
= pulw |, ]CsAI (AT 1 coal)
< plw | JCsA (1 + Codl) = Codlp[w ],
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which obviously implies (3.17). In the last displayed line we used (3.15).
Now fix n = 0. There are two possibilities for £, (w) in (3.14). First suppose
that £, (w) = kn(w) + . We are going to estimate the inner sum in (3.16) by

writing 3; < 3% = X7, leﬁ, -1 . Thus, in view of (3.17),

kns1(w)—ky(w)-1

(3.18) > (i + DIEDIES p ([0, @) +i] \ [Wky (@) +i41]1)
i=0

3

Z(l + 1) (B+1)/B] S(H[wkn(w +il — U[wkn w)+i+1])
i=0

3

< DG+ DOMEDES (UL, @w)+je] = MWk, (w)+ G+ 1)2])
Jj=0

Z(J + I+ mJS?\J) (Ml ]k, )] = @]k, ) +e])

A

IA

|kn(w)] —H[wm«m]-

The second possibility is that €, (w) = k1 (w). Then ky1(w) — kpn(w) <€

and we get

kn+1(w)—kyn(w)-1

> (i + DIEDBES ([, (@) +i] \ [ Wk (@) +i41])
i=0

< (kni1(w) = kp(w))HLHEB+DIBs
ki1 () =ky (w)-1

X > (Ml Wiy (@) +i] = Bl g, (@) +iv1])
i-0

= €1+[(ﬁ+1)/ﬁ]s(lliw|kn(w)] - “[w|kn+1(w)])
2wk, )] = Hlw] g, 0 ]-

In both cases the estimate ends with the same expression which we can substitute
into (3.16) to obtain

153w < Lqm (3 Xeolyi | W0l ) ~ 100l D) " die0)

n=0
du(t) \27!
SJ (ZJ i 5> dp(w)
® N\ >0 [wikn(a))]\[wlkn )] [ Xwarl

(T ) -

This implies that Dé,l)(u) > D((lz)(u), and the proof of the proposition is
complete. O



1858 BORIS SOLOMYAK ¢» MARIUSZ URBANSKI

Corollary 3.8. Suppose that {9} i is a family of parabolic IFS (2.4) satisfying
(2.5) and (2.6), such that Qi is well-behaved on some neighborhood of v. Suppose
that | is a well-mixing atomless Borel probability measure on A (in particular, a
Bernoulli measure or, more generally, a Gibbs state of a Holder continuous potential),
such that D,(ll‘t‘))(u) > 1 for some q € (1,2] and to € U. Then there exists § > 0
such that for La-a.e. t € Bs(tg), the measure vi = [ o e s absolutely continuous
with a density in L9(R).

Proof. This is an immediate consequence of Theorem 3.5 and Proposition

3.7. O

Since for hyperbolic systems the two metrics d; and d; are equal, the proof of
Theorem 3.5 (simplified by the observation that in hyperbolic case h(p) = |pl)
demonstrates also the following.

Theorem 3.9. Let U C R4 be an open set. Suppose that ' = {@1,..., P}licT
is a family of hyperbolic IFS such that the mappings ¢ — @} are continuous from U to
C™¥(X) for alli < k and the transversality condition holds. Suppose that i is a Borel
atomless probability measure on A such thar Dél’t‘)) (1) > 1 forsomeq € (1,2] and
to € U. Then there exists § > 0 such that for Lg-a.e. t € Bs(to) the measure poTr( !
is absolutely continuous with a density in L4(R).

4. EXAMPLE: A CLASS OF RANDOM CONTINUED FRACTIONS

Here we apply our results to the family

(b“-—{ X+« X }
Clx+a+Ux+ 1)

The interesting interval of parameters is 0 < & < 0.5, when the limit set of ®%
is the interval [0, %(—0( + Vo2 +4x)] and the IFS has an overlap, see [L]. The
function @2 (x) = x/(x + 1) has a parabolic fixed point at x = 0. It is easy to see
that % € Ijo,17(1) for all ® > 0 and the family {®#%} 4~ satisfies the continuity

condition (2.5). Also, @,(x) is clearly well-behaved on any neighborhood of

v=0. Letu= (%, %)N be the Bernoulli measure on the coding space A% and let

V be its projection on the real line corresponding to the IFS ®. The connection
with continued fractions is as follows: denote

[a’lia’zia’ai"']:: 1
a7

a, + ———
a3+...

Then v is the distribution of the random continued fraction [1,Y7,1, Y5, 1, Y3,
..] where Y; are independent and take the values in {0, ¢} with probabilities
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(l, %). Lyons [L, Theorem 1.1] proved that there is a “critical value” «. €
(O 2688,0.2689) such that v is singular with respect to the Lebesgue measure
and is concentrated on a set of Hausdorff dimension less than 1 for all & > «c.
He also proved in [L, Proposition 3.1] that if v has a density in L?(R), then
« < +/6/2 — 1. In our joint work with K. Simon [SSU2], we showed that v is
absolutely continuous for a.e. @ € (0.215, &¢). Our proof was based on Theorem
2.7 and on the following lemma.

Lemma 4.1. (see [SSU2, Lemma 6.2]) The family {®*} satisfies the transver-
sality condition (2.6) for o € (0.215,0.5).

Now we can state the new result.

Theorem 4.2. Forany 1 < q < 2 there exists &g € [\/6/2 — 1, & ] such that

() If v is absolutely continuwous with a density in L41(R) then & < ®g;
(ii) For Lebesgue-a.e. o € (0.215,xq), the measure vV is absolutely continuous
with a density in L1(R);
(ii)) o =+/6/2—1=0.22474....

Remarks.

(1) Although we restrict ourselves to the specific family {®*}, many of the argu-
ments below apply in a more general setting.

(2) Since L91[0,1] > L%[0,1] for g1 < g2, it is immediate from parts (i) and
(ii) that the function g — 4 is non-increasing. We believe that it is actually
strictly decreasing but we have not verified this. It also seems plausible that
limg_1 &g = .

(3) Besides the explicit value of o, following [L] one can show that &3/, = 3v/2—
4 = 0.24264 ... We do not know any other explicit values for ;. Lyons [L,
Proposition 3.2] also gave a necessary condition for v to have a density in
Ng<e L1(R), but our methods do not extend to g > 2.

The proof of the theorem will require some preparation. First we need the fol-
lowing simple lemmay; its proof essentially repeats the argument from [L, Proposi-
tion 3.1]. Whenever we write summation over w it is understood that w € A*.
Recall that X, = @y (X).

Lemma 4.3. Let (@1, 2} be an IFS on the interval X C R (parabolic or
hyperbolic) and let v be a Borel probability measure satisfying v = 3(v o @7 + v o

@5 h). Suppose that v is absolutely continuous with a density dv/dx € L1(R) for
some q > 1. Then

(4.1) sup2 na Z 1Xw| @D < co.

lw|l=n

Proof. For each n € N we have that v = 3, )., 27" (v o ®y'). Thus the
density h(x) := dv/dx satisfies h(x) = X)) 27w (x) where hy = ho o



1860 BORIS SOLOMYAK ¢» MARIUSZ URBANSKI

has support contained in Xy,. Then

@2 = [ (X 2 hao)"dx

lwl=n

J > 27Mpl(x)dx = > 27 MJ hi, (x) dx.

lwl=n lw|=n

By the Holder’s inequality,

1/q
1= hw(x)dxs<J hZ,(x)dx) | X, @~ D/a
Xw

Xuw

hence [y hi, (x) dx > | Xy |~ D, Substituting this into (4.2) yields (4.1). O
Proof of Theorem 4.2. Consider the family {®*} and let

(4.3) ®g = lnf{a >0: sup2 na N x| - oo}_

lwl=n

Observe that [ X | = @& (1) — @& (0).

Lemma 4.4.

(@) The function «x — Q& (x) is non-decreasing for all x € [0,1] and for all w €
A*

(b) The function & — |X&* | is non-increasing for all w € A*.

Proof-

(a) This is an easy induction in |w|; we use that (x + &) /(x + &+ 1) is increasing
in & and all @§ (x) are increasing in x.

(b) One checksthatif0 <A <B,0<C<D,A<C,B<D,andB-A=>D-C,
then for any « < & and i = 1, 2, we have @{f(B) — @{*(A) = (D) -
@PX(C) and (D) — @ (C) = (pi&(D) - (pi&(C). Then the desired statement
follows by induction, using A = @&(0), B = @g(l), C = (p;‘,‘,(O), and
D = @&(1). O
It follows from Lemma 4.4(b), (4.3) and Lemma 4.3 that v cannot have a

density in L7(R) for o > &g, verifying the property (i) of Theorem 4.2.
Fix any & < otg; we have

(4.4) sup2™ " |X(@]=@-1) < o,

n lwl=n

The following lemma is the key step in the proof of the property (ii).
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Lemma 4.5. Suppose that & and q € (1,2] are such that (4.4) holds. Then for
any & < & there exist t > 1 and § € (0,1) such that

(4.5) 27 N x0T < const - EM.

lw|=n

Before proving the lemma, let us show how the property (ii) of Theorem 4.2
is deduced. With the same notation as in Lemma 4.5 we have, using (3.2) and the
fact that (¢ — 1) € (0,11,

(4.6) H = | (X 2mxen )" duw)
A n=0

[e's)

SJ
n=

=227 3P < o
n=0

lwl=n

2—n(q-1) |X((U0iil |7t(qfl) du(w)
0

by (4.5). This shows that D,(Zl’a)(u) >t > 1, so by Corollary 3.8, in view of
Lemma 4.1, v has a density in L4(R) for Lebesgue-a.e. € (0.215, &). Since &
can be arbitrarily close to &y, the property (ii) of Theorem 4.2 follows. O

Proof of Lemma 4.5. We have « < & and q € (1,2] fixed. Recall that h(w) is the
number of hyperbolic letters (just the number of 1’s in our case) in the word w.
Split the sum in (4.5) as follows:

(4.7) Z |X1Eu0()|—t(6l—1) — Z |X1(ua)|_t(q_l) + Z |X1(u0()|—t(11—1)_
lwi=n lwl=n lwl=n
h(w)<n/K h(w)>n/K

Sublemma 4.6. For any C > 1 there exist K > 1 such that

Z |X{®|2 < const - " forallm € N.

lwl=n
h(w)<n/K

Proof. Tt is clearly enough to restrict ourselves to n sufficiently large. Write
w = 1kgh1kolb L pkm ol

where all k; are positive except possibly ki and all £; are positive except possibly
. Let W = w/|jy_yp, . Then it follows from (2.2) that

XS] = (G + D7VEL(V) ™! min (@) (x)].
x€[0,1]
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Therefore, estimating from below the derivative of powers of parabolic elements
by (2.3) and the derivative of hyperbolic elements by (2.9) we obtain

m-—1
(4.8) X = (U + D) VEL(V)muZm ke TT (4 + 1)~ B+0/8

i=1

m
> L(V) ™) [Tl + 1)"BDIB,

i=1

since >.i1 ki = h(w). Here u can be easily chosen independent of « (in fact,
(@M (x) = (2+«)2 > 5 forall x € [0,1] and « < 1). Assume that h(w) <
n/K where K will be chosen later. Observe that m — 1 < > k; < n/K hence
n/m = (1 — 1/m)K. We can estimate using the Geometric-Arithmetic Means
Inequality:

ﬁ(#w 1) < (%éwﬁ 1))m -1 +%§ei>m < (14 %)m

It follows that

s n
[]cli +1)~Br1/B > (1 + —

-m(B+1)/B
m) '

i=1

We claim that the last expression is greater than £~"/4 if K is sufficiently large.
Indeed, this is equivalent to

wmg(l + %) < (%) log(Z),

or

(4.9) log (1 L

n B
m) <A o8&

If m = 1, then (4.9) holds for n sufficiently large, and if m > 2, then n/m =
(1 —1/m)K = K/2, and it is clear that (4.9) holds for K sufficiently large. We
have proved that there exist Ko and Ny such that

m
n(ﬂi +1)"B+D/B > /4 forallm = N,

i=1
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provided that K = K. Combined with (4.8) and using that m < 1 + n/K this
implies

(4.10) > x|
lw|l=n
h(w)<n/K

< #{w e A" h(w) < %} - L(V) My ~hwgni2
< #{w c A" . h(w) < %} . L(v)2+2n/Ku72n/K§n/2.

Observe that #{w € A" : h(w) = p} = (p), and it is easy to deduce from
Stirling’s formula that

#{w e A" :h(w) < %} <const- T4 forallm e N,
provided that K is sufficiently large. Since also L(V)/Ky-2m/K < rn/4 for K

sufficiently large, the sublemma follows from (4.10). O

Sublemma 4.7. Suppose that 0 < « < &. Then there existn > 1 and C > 0
such that | XY | = Cnh @) | XY,

Proof. Suppose that w = p2¢ where p ends with the hyperbolic letter 1 (or
is empty). Then

X1 = @+ DY@ ()] and  1XP| = £+ 1)V (@S (1)].

Therefore, omitting the | - | signs (since all the elements of the IFS are increasing),
we obtain

X$ (@) (@R (@5, (D)
X&) (@) L (@%) @8 (1)

(4.11)

We have (pgip(l) > (pgip(l) by Lemma 4.4(a), and ((pg“‘}i)’(-) is decreasing,
hence
(@5,) (@g,(1)) (q)% ) (@g, (1)) | lew)' @

(4.12)
(@%) (@F,, 1)~ (@) (@S, 1)~ (@b

The last inequality holds since [(@&)" (x)1/[(@%) (x)] = [(x + &) /(x + )12
is decreasmg in x and [(@%)’ (X)]/[((pg‘)'(x)] = 1. Now observe that the last
expression in (4.12) is equal to 1 if w; = 2 (the parabolic letter), and is equal to
(2+&)/(2+ &) > 1ifw; = 1. In view of (4.11), this implies the sublemma, with
n=Q2+a&)/2+ ). O
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Conclusion of the proof of Lemma 4.5. Fix € € (1,2) and find K > 1 from Sub-
lemma 4.6. Forany t € (1,2) and g € (1, 2] we have, using that IX&“)I <1:

x

by Sublemma 4.6, so it remains to estimate the second sum in (4.7). By Sublemma

4.7,

(4.13) 274 Z |X(@|-ta-1 < p-n Z |X{™|~2 < const - (

lwl=n lw|=n
h(w)<n/K h(w)<n/K

N Ju

(4.14) > x@ttah

lw|l=n

h(w)>n/K
< Z |X£U&)|7t(q—1)n—h(w)t(q71)

lwl=n

h(w)>n/K
< Z |X£U&)|—t(q71)n—nt(q71)/l<
lwl=n
_ Z |X1(u0()|—(q—l)|X1(u0()|—(t—1)(q—1)n—nt(q—l)/1<_
lw|=n

Recall that IX&&)I > infyxe[o,1] |((p5‘,)'(x)| > ul%! by (2.9). Then we can continue
the estimate (4.14) as follows:

(4.15) S x@)tta-h < § 0 x(@®|-(@-Dymnt-D@-h pont@-D/K,

lwl=n lw|=n
h(w)>n/K

So far, we only assumed that t > 1; now we specify the condition on t needed for

the proof. Suppose that

logn
0<t—1§m.

Then u==D@-1 < pnt@-D/2K 354 (4.15) can be continued as follows:

Z |X£u0<)|—t(q—1)5 Z |X£u&)|—(q—1)n—nt(q—1)/2K_

lwl=n lw|=n
h(w)>n/K

Since n > 1 and t > 1, this, together with (4.13), (4.4) and (4.7), implies
(4.5), where we can take & = max{C/2,n~@~D/2K} This concludes the proof
of Lemma 4.5, and so the proof of Theorem 4.2(ii) is complete as well. O
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Proof of Theorem 4.2 (iii). This is essentially proven by Lyons [L], but we
repeat some of the steps using our notation, for the reader’s convenience. For

w e A" let
a’w) blw)\  n (1 wi
(4.16) M (w) := - _
cw) dPw)) i\l 1+wia

Then it is easy to verify by induction that

ay) (w)x + b (w)

i (w)x + di® (w)”

@ (x) =

Therefore, [X"| = @& (1) — @%(0) = [di (w) (e (w) + diY (w))]~, since

the determinant in (4.16) equals 1. Recall that o, = inf{«x : sup, o _ o},

where

S =272 XXt =27 Y A (w) (e (w) + A (w)).

lw|=n lw|=n
Consider the product measure p,, = (%, %)" on A"; then
51(10() _ 2_n[E[d£L“)C,(/La) + (d;{x))2]’

where E is the expectation with respect to . Consider the tensor product Mr(fx) ®
MY and note that

(e @@2?)=(0 0 0 1) (MPeM®)

SO~ OO
— O O O

Lyons [L] observed that, by independence, |E[M1Ela) ® M”Ela)] = (R where

1 w1 1 w1
RW .= E ® )
1 1+wa 1 1+wa

An easy computation, see [L], yields that R(® has the largest eigenvalue less than
2 ifand only if @ < +/6/2 — 1. In view of the above, it follows that o; = +/6/2 -1,
keeping in mind that the Perron-Frobenius eigenvector is strictly positive. O
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