SPECTRA OF BERNOULLI CONVOLUTIONS AS
MULTIPLIERS IN L ON THE CIRCLE

NIKITA SIDOROV AND BORIS SOLOMYAK

ABSTRACT. It is shown that the closure of the set of Fourier co-
efficients of the Bernoulli convolution pg parameterized by a Pisot
number 6 is countable. Combined with results of Salem and Sar-
nak, this proves that for every fixed § > 1 the spectrum of the
convolution operator f — pg * f in LP(S') (where St is the circle
group) is countable and is the same for all p € (1,00), namely,
{pe(n) : n € Z}. Our result answers the question raised by P. Sar-
nak in [8]. We also consider the sets {fg(rn):n € Z} forr > 0
which correspond to a linear change of variable for the measure.
We show that such a set is still countable for all » € Q(6) but
uncountable (a non-empty interval) for Lebesgue-a.e. r > 0.

1. INTRODUCTION AND MAIN RESULTS
Let v be a Borel probability measure on S* = R/Z, and let
T, : LP(S') — LP(SY)
be the convolution operator, namely, T, f := v * f. Put
F,={v(n) :neZ}.

It is shown by Sarnak [8] that if the closure F,, has capacity zero, then
the following identity relation for the spectra of T}, in different L?(S*)
is satisfied:

(1.1) sp(T,, LP) =sp(T,,L*) = F,, 1<p<+oo.

The present paper deals with the case when v is a Bernoulli convolu-
tion. Recall that for any 8 > 1 the Bernoulli convolution parameterized

Date: October 2, 2003.

2000 Mathematics Subject Classification. Primary 47A10; Secondary 42A16,
11R06.

Key words and phrases. Convolution operator, spectrum, Bernoulli convolution,
Pisot number.

The first author was supported by the EPSRC grant no GR/R61451/01. The
second author was supported in part by the NSF Grant DMS 0099814.

1



2 NIKITA SIDOROV AND BORIS SOLOMYAK

by 6 is defined as follows:

o0

1 1
Mg ‘= * H (5 5_97k + 5 59k>

k=0

(where 0, denotes the Dirac §-measure at x). This is a measure on the
line; we use the same notation py for the induced measure on the circle.
We have

(1.2) fip(t) = [ [ cos(2nb7t), teR,
k=0

and the induced measure on the circle has Fourier coefficients {ip(n) :
n € Z}.

As is well known, suppuy C Iy = [—%, 9%1] for any & > 1. For
6 > 2, the measure gy is usually called the Cantor-Lebesque measure
(parameterized by ), and its support is a Cantor set with constant
dissection ratio 6. On the other hand, supp g = Iy for 0 € (1, 2].

In [7, Th II, p. 40] it is shown that unless € is a Pisot number (an
algebraic integer greater than 1 whose conjugates are all less than 1
in modulus), fip(t) — 0 as t — +oo along the reals, whence F,,, is
countable and thus, (1.1) is satisfied.

Sarnak [8] considered the case of the classical Cantor-Lebesgue mea-
sure (§ = 3), for which he proved that F,,, is countable and therefore
(1.1) holds. As stated in [8], the same approach can be applied to the
case of an arbitrary integer 6 > 3, and the only case left is the irrational
Pisot numbers #. The question about the limit points of the Fourier
coefficients for this class of measures was raised in [8].

Theorem 1.1. The set of limit points of the sequence {fig(n) : n € Z},
with an irrational Pisot parameter 6, is countable, so (1.1) holds for
V= lg.

Remark 1.2. There is another way to obtain (1.1) for v = ugy, without
getting countability of the spectrum. It is known that if a Borel prob-
ability measure v on S is LP-improving', then (1.1) holds, see [5, Th.
4.1]. Christ [3] proved that py is LP-improving for all § > 2, and the
case of 6 € (1,2) is easily reduced to that of § > 2. (Indeed, uy is a
convolution of pg» and some other measure, for any n > 2; so if pgn is
LP-improving then gy is LP-improving as well.)

1A measure v is called LP?-improving for some p € (1,00), if there exists ¢ =
q(p) > p such that v f € LI(S!) for any f € LP(S'). If v improves some LP, then
it improves all of them for 1 < p < +o00, see [5].
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Since we are considering measures on the circle, one may argue that
it is in fact more natural to have the Bernoulli convolution measure
supported on an interval of length 1, rather than on Iy (whose length
is 260/(6 — 1) > 1). This is achieved by a linear change of variable,
resulting in the Fourier coefficients {fi((%:)n) : n € Z}, and we show
that the analog of Theorem 1.1 is still valid (see below).

More generally, one may inquire what happens under an arbitrary
scale change. It turns out that the situation is rather delicate.

For » > 0 put

Fo.r={v(rn) :n € Z}.

For a set £ C R let E’ denote the derived set of E, that is, the set of
its limit points.

Theorem 1.3. Let 6 # 2 be a Pisot number. Then

(i) for any positive r € Q(0), the set F,, . is countably infinite;
(ii) for Lebesgue a.e. v >0, the set F,, . is a non-empty interval.

Corollary 1.4. For any 0 > 2, the spectrum in LP(SY), p > 1, of
the convolution operator corresponding to the Cantor-Lebesque measure
with the constant dissection ratio 0, constructed on [0,1) ~ S =R/Z,
is countably infinite.

This follows from Theorem 1.3 (i), since %} € Q(6) and translat-

ing the measure by % results in multiplying the Fourier coefficients by
(1.

Denote BV := E', E+) .= (E™Y . For r € Q(6), it is natural to
ask what is the cardinality of the second, third, etc., derived sets for
Fgr- The following theorem answers this question.

Theorem 1.5. For any Pisot 6 # 2 and any positive r € Q(0) the set
f,sz,)r is countably infinite for each n > 1.

2. PROOF OF COUNTABILITY: THE MODEL CASE

The core of the paper is the proof of Theorem 1.3 (i) (which, of
course, implies Theorem 1.1). Our proof is loosely based on the method
used in [8] for # = 3. On the other hand, the case of irrational 6 requires
extra tools more common for the theory of Pisot numbers (in the spirit
of the monograph [2, Chapter VIII}).

The structure of the rest of the paper is as follows: in this and the
next sections we are going to show that

(2.1) card F,, . <Rg, 7€ Q(f)N(0,00).
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Note that our proof applies to the case # € N as well. In Section 4
we prove that F,SZ?T is infinite for all n > 1. Combined with (2.1) this
yields both Theorem 1.3 (i) and Theorem 1.5. Theorem 1.3 (ii) is also
proved in Section 4.

The Pisot numbers 6 # 2 are distinguished by the fact that fig(¢) 4
0, as t — 400 over the reals. This was proved by Erdés [4] (for integers
@ > 2 this had been known earlier). It is easy to see that also jig(n) + 0,
as n — 400 over the integers, see Section 4. If § = 2, then py is
absolutely continuous, so there is nothing to prove.

For the rest of the paper, we fix a Pisot number 6 # 2 and denote
by 65, ..., 0, the conjugates of § = #,. Since 6 is Pisot,

(2.2) p=max |6:] €[0,1)

(p =0 if and only if § € N).

Let us begin the proof of the inequality (2.1). The symbols (-) and
|| - || denote the nearest integer and the distance to the nearest integer
respectively.

To simplify notation, denote u := ug. It suffices to prove that there
are at most countably many limit points for the set {|f(rn)|: n € N}.
Fix n > 0 and assume that integers ny, — +o0o are such that

(2.3) li(rng)| — a, a>n.

Similarly to [8], our goal is to show that there can be only a countable
set of such a’s for any fixed n; this will yield (2.1). In fact, we will show
in Lemma 3.2 below that every such a satisfies

M 0o o0
a = H H | cos(mz;67)| - H | cos(2mr AG)|

i=0 j=—00 =0
for some M > 0, z; € Q(#), and A € Q.
Given ny, we can find Ny € Z and y; € [1,0) such that

(2.4) Yp = 2rng0 V.
Let
(2.5) gt = KV 46 =1, Ny,

where 5§k) € (—3,3] and Kj(k) = (y#’) € N. By (1.2) and (2.4),

(2.6) fi(rng)| = H | cos(myit?)| = [ cos(ws}?).

j:—oo j:foo
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Let m be the degree of 6, with the minimal polynomial 2™ — d,z™ ! —
— d,,. For the rest of the paper we fix a § which satisfies
(2.7) 0<6<(14|dy|+-+|dn])"

The reason for the choice of 9 is the following

Lemma 2.1. Suppose that |6](-k)| < forj=Ar+1,..., A +0b, where
0< A, <N,—b andb>m Then
fOTjIAk—i-l,,Ak—l—b—

Proof. By our condition and (2.7), for j > Ay + 1,

KD = d K=o = dn K] <S4 [da| + - + [d]) < 1
As K ]( ‘s and d;’s are integers, we are done. U

We want to estimate the number of (5§k)’s that are greater than ¢ in
modulus. Let L € N be such that (cos(md))* < n/2. Tt follows from
(2.3) and (2.6) that for k sufficiently large,

(2.9) Ly :=#{j € LNy : |[8\"] >0} < L.

Since we only care about the limit, we can assume without loss of
generality that (2.9) holds for all .

The rest of the proof is somewhat technical, so we believe that it is
helpful first to present a sketch in the special case Ly = 1 and r = 1.
This will be done in the rest of the section.

Thus, let us assume for the moment that ‘5;“‘ < 0 for all j =
1,..., Ng, except possibly j = J,. There are three possibilities: (a)
sup Ji < 00, (b) sup(N, — Ji) < 00, and (c) sup J, = oo and sup(Ny —
Jr) = 0o. By passing to a subsequence, we can assume that we actually
have one of the following cases:

Case 1: J, = R (independent of k);
Case 2: J, = N, — R;
Case 3: J, — oo and Ny, — J, — o0.

Case 1. By Lemma 2.1, the sequence {K } satisfies the recurrence
relation (2.8) for j =R+ 1,..., Ny — (for k large enough to satisfy
Ny > R+m). Then we can express K](-k)

Oy, ...,0, as follows:

in terms of # and its conjugates

(2.10) EP =P +3 ™0l j=R+1,... N,
=2
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Observe that the coefficients cgk) are completely determined by K J(k) for

j=R+1,...,R+m. These Kj(k)’s are integers bounded by §#+m+1 1

(as yp < 6 and K j(k) is the nearest integer to y6’). Thus, there are
(k)

finitely many possibilities for ¢;” and we can assume, passing to a

subsequence, that cgk) = ¢; do not depend on k.

Let y := ¢q; the first important point is that y € Q(#). This follows
from the Cramer’s Rule, solving the linear system (2.10), with j =
R+1,..., R+m, for ¢;. Alternatively, note that ||y6’|| — 0 as j — +o0
by (2.10), and the fact that y € Q(0) is a part of the well-known Pisot-
Vijayaraghavan theorem (see [2]).

Now comes the crucial point: we have to use that n; is an integer?.
We assumed that » = 1, so n, = %kaNk from (2.4). We have 2n;, =

K](\];k), since both sides are integers. Hence by (2.5) and (2.10),
ykeNk — K](\/;Ck) — yQNk + O(ka>,

where p is given by (2.2) and the implied constant in O is independent
of k. Thus, yp =y + O(0~Np™*), and an elementary argument yields

f()| = T [cos(ryé?)].
j=—00
(A more general statement is proved below, in Lemma 3.2.) Since the
right-hand side depends only on y € Q(#), the number of possible limit
points in this case is at most countable.

Case 2. By Lemma 2.1, K ](k)’s satisfy the recurrence relation (2.8) for
j=1,...,Ny — R—m — 1, when k is sufficiently large. Passing to a

subsequence, we can assume that K ;k) = K, do not depend on k for

J < Ny—R-—1and
(2.11) Kj=yt +> !, j=1,...,Ny—R—1
=2

Again we have y € Q(6). Extend K; by (2.11) to j = Ny — R, ..., Ni;
in other words, we extend K to satisfy the recurrence relation (2.8).
We cannot claim that K; = K](k) for j = Ni. — R, ..., Ni; however, it
is easy to see from the recurrence that

K](k)—KJ‘SCR, j:Nk_RJ"‘JNk7

2Note that the set of limit points of fi(t), as t — co over the reals, is an interval —
see Lemma 4.1 below.
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where Cg does not depend on k. (This is proved below, in Lemma 3.1.)

Again, passing to a subsequence, we can assume that K (k) — Ky, =A
is a constant. Using that n; is an integer, we obtain

g™ = K = g0V + A+ O(p™),

where the implied constant in O is independent of k. Thus y, = y +
AG~Ne + O(0~NepNk) - and it is not hard to show that

fi(nk)| — [ [cos(ry6?)] Hyeos (mAO7)).

(A more general statement will be proved below, in Lemma 3.2.) Since
y € Q(A) and A € Z, the number of possible limit points in this case
is again at most countable.

Case 3. By Lemma 2.1, {K(k }J’“Im " and {K(k J +1

recurrence relation (2.8). As in Case 2, we can assume by passing to a

satisfy the

subsequence that K;k) =K, forj=1,...,J;, — 1, whence

K]:yﬁj—i—Zcﬂf, jzl,...,Jk—l,

for some y € Q(0),ca,...,cn. Also, as in Case 2, we extend K to
7 > J to satisfy the same recurrence relation and check that

KW — K| <C, j=di+ 1., Jp+m.

Let Sj(k) = t(fk)""] Ky 4 for j =1,..., N, — Ji. Hence there exist

" e Q(6;), with 2 =1,...,m, such that
SP =per 3", =1, m

Because of the bounds on S J(k), there are finitely many possibilities for

bgk), so we can assume that they do not depend on k, passing to a

subsequence. Let z = b; = bgk). We have S; = Sj(k) = 2607 + O(p’) for
7 > 1. Now observe that

k .
K" =K;+S; 5, j=J+1...,Ny.
Thus, using that nj is an integer, we obtain

ykeNkZK() KN, + Snp—u, = yO™ + 20" 1 O(p™ k),
k k—Jk
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where the implied constant in O is independent of k. Since J, — oo
and N, — J, — 00, is not hard to show that

[e.9] oo

i)l = T leos(rye?)| - T lcos(rz6%)]

j=—00 j=—00

(We will prove a more general statement below, in Lemma 3.2.) As
Y,z € Q(#), the number of possible limit points in this case is at most
countable.

This concludes the sketch of the proof of (2.1) in the special case
Ly = 1 and » = 1. The idea for the general case is as follows: we
gather all indices 7, for which }6§k)‘ > ¢, in groups in such a way
that the distance between any two adjacent groups goes to infinity as
k — oo. Then we treat each group similarly to one of the three cases
considered in this section, depending on the position of this group
(beginning, middle or end) and finally, we justify passing to the limit
in the key Lemma 3.2.

3. PROOF OF COUNTABILITY: THE GENERAL CASE

We continue with the proof of the general case where we left it, after
the definition of Ly (2.9). Let 1 < I" < IV < .. < 1™ < N, be

k
all the indices j for which |(5J(-k)| > 0. Since L, < L, we can assume
that L, = L' does not depend on k, passing to a subsequence. Further,

passing to a subsequence, we can assume that for alli =1,..., L' — 1,
either If_?l — Iz.(k) = R; (independent of k), or Ii(f)l — [i(k) — 00, as

k — oo. Also, either [1(k) = Ry or Il(k) — o0 and either N, — Igf) = Ry
or N — Igf) — 00. Let

R=max{R;: i=0,...,L'} + 1.
We can find M € {1,..., L'} and integers
1:Jék) <J1('“) <...<J$) <J$)+1:Nk
so that Ji(ji)l - Ji(k) — oo fori=0,...,M, and

’5§k)| <é forall je{l,..., Ny} such that min’j - Ji(k)| > R.

By Lemma 2.1, { K j(k)} satisfy the recurrence relation (2.8) for Ji(k) +
R<j< Ji(f)l —R—m, withi=0,...,M (for k large enough to satisfy
Ji(i)l —J® S op 4 m). In particular, this is true for 1 + R < 7 <

()
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Jl(k)—R—m. Thus we can write
KW = 9J+Z Mgl j=R+1,...,JY —R

(for k sufﬁciently large). The coefficients cgk) are completely determined

by K ) for Jj = R+1,...,R+ m, which are integers bounded by

0R+m+1 + 1. Thus, there are finitely many possibilities for cgk), 1=

. k
1,...,m. Hence we can assume, passing to a subsequence, that cg ) = Ci

do not depend on k. Thus, K}k) =K forj < Jl(k)—R. Denote zy := ¢y,
so that

Kj = Zoej —f- O(pj)
As in Case 1, we have z5 € Q(0) (2o is a natural analog of y from the
previous section). Next we repeat the argument from Case 3. Extend
the sequence {K;} to j > Jl(k) — R so that it satisfies the recurrence
relation for all j. We need the following lemma.

Lemma 3.1. Suppose that K;k) = K; for j < Ay, and {K;} satisfies
the recurrence relation (2.8) for all j. Then for any p € N there ezists
Cp, = Cp(0) > 0 such that

(3.1) KW — K| <Cp j=Ap+ 1. A +p.

Proof. This is proved by induction. For any j > 1, since K ](-k) is the
nearest integer to y07,

(k)
‘K]er

1
_dlKJerl ) _dK ‘<2<1+|d1‘+"'+|dm|)::7'

It follows that we can take C; = « in (3.1). Suppose (3.1) is verified
for some p. Then we have for j = A, +p + 1,

k k
| g+1 ]+1|_| g+1_d1K(')_' —d Kg( )m+1
+d KV 4 d K~ di K~ dy K|

<y+(Jdaf +--- + Idml)Cp <(1+2G,).
Thus, we may put Cp41 = 7(1 4+ 2C,), and the lemma is proved. O
Let

s — k% K

J{’“)ﬂ j=R+1,...,R+m.

By Lemma 3.1,
1S < Coppmy, j=R+1,...,R+m.
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Therefore, we can assume (passing to a subsequence) that S ](k)’s do not
depend on k for j = R+1,..., R+m. We can find z; € Q(0),¢c},...,c,
so that

(32) S;=8"=u0"+> dpl, j=R+1,....R+m.
=2

Extend S; to j > R+ m by the formula (3.2), so that they satisfy the
recurrence relation. Now observe that

k . k k

(for k large enough to satisfy Jg(k) — Jl(k) > 2R+m), as both sides agree

for j = Jl(k) +R+1,..., Jl(k) + R+ m, and satisfy the same recurrence
relation of length m. It follows that

, O] O]
KW = 26 + 267" 4 0(p), j=JP+R+1,..., 0" - R,

where the implied constant in O is independent of k.
Next we repeat the same argument and obtain, by induction, that
fori=2,..., M,

(3.3) K® =207 + 207" 4o g 207707 L 000,
' j=J%+R,... I - R

Indeed, for each i extend K](-k) from j < Ji(k) — R to larger j’s by

recurrence; denote them as Qg-k). Put

T® .= K§?2>+j - Qf}’?k)ﬂ, j=R+1,...,R+m.
Then ‘Tj(k)‘ < Copyim for j = R+1,..., R+ m. We can write Tj(k) as
a linear combination of #7 and the powers of its conjugates. As above,
there are finitely many possibilities for the coefficients (as k varies), so
we can assume without loss of generality that they do not depend on
k. The coefficient at 67 will be denoted by z;, which yields (3.3).

For i = M the formula (3.3) becomes

M
(3 4) K](\l;:k)_Rﬂ :ZoeNk—R-i—j + Z ZiHNk_Jlfk)—R-‘,-j + O(ka—J](\?)_R+j)’
: =1

j=J® 4+ 2R N, ...,0

(recall that J](\]j) — N — —00). As usual, the implied constant in
O is independent of k. One last time extend K J(-k) by recurrence, to
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j=N,—R+1,..., Ng,... Denote the resulting integer sequence by
{LE\I;Z > ,. By Lemma 3.1,

—R+jJj=1"
k k
(3.5) KW — LY)| < C.
We have
(3.6) 2rny, = Y0k = K](\’fk) + (5](\]2

Now we use the fact that ny is an integer; this is slightly more compli-
cated than in Section 2, because the left-hand side of (3.6) need not be
an integer. However, as 2r € Q(0) \ {0} by assumption, we can invert

it in Q(0), i.e.,
(3.7) 2r) ' =ag+ a0+ -+ ap 0™,
for some a; € Q. Thus,
ng = (2r)™* (K](\Z) + 5](\’7]3)
(3.8) = (ag + @b+ -+ aut 0" VEE + (2r) 715
= agLy) + a1 L)+ am g L) ey + A
(k)

Let us estimate the error term Ay. By definition, the integers Ly z.;
satisfy (3.4), with K replaced by L, for j = 1,2,... In particular,

M
4= ZoeNk_H + E ZieNk Ji A + O(ka T +]), i > 0.
=1

k
3.9 LY

k

Hence in view of Nj — J](\lj) — +00,

. k k .
,}EEO|L§V2+J'+1 - 9L§V}3+j‘ =0, 0=j=m-1,
whence
m—1 m—1
L§’ij Z a;0’ — Z a]»LS]\;ZH — 0, k— +o0.
=0 =0

By (3.8), (3.5) and in view of !55@” < 2, we have |4, < ' for some

constant C” independent of k; namely, one may put for k large enough,
C' =1+ (4r) 1 (2Cr + 1),

where Cf is as in (3.5).
On the other hand, it follows from (3.8) that Ay € s™'Z for some
s € Nindependent of k, because a; € Q and the ny is an integer. Thus,
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there are finitely many possibilities for Ay, so, passing to a subsequence,
we can assume that Ay = A is a constant. Now we have by (3.9),

Y = 2rn,0 Nk = 2r(a0L§\2 4+ am,ng\lfl)(+m71)9’N’“ + 2r A9~V

= 27”20(@(] + a19 + -+ am,19m71>
M (k) (k)

+2r 3 zi(agh™ 4 a0 ) 4 2r AP
i=1

+O (67N pN ),

and finally, by (3.7),

M
(3.10) Ye=20+ Y 507" 4+ 20 A0~Ne 4 O (97 Ve pN Y.

i=1
Lemma 3.2. We have

Ny

A = T | cos(ry6?)

j=—o0

M oo o0
— H H | cos(mz;67)| - H | cos(2mrAG77)|, k — +oo.

i=0 j=—o0 §=0

Recall that by the construction of z; we have for 0 < i < M:
(3.11) |569] = O(p), j — oo.

It follows that the bi-infinite products in the right-hand side converge.
This lemma will clearly imply (2.1), as z; € Q(f) and A € Q, so there
are at most countably many possible limits.

Proof of Lemma 3.2. We can find integers E,i(k), t=20,...,M, so that

I < B <) and lim (B® - J) = lim (7 - EY) = +oc.

i
—00 k—o00
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We are going to show that

(3.12)
E®
0 |cos(mypt?
Foh) = Lizeselcostmnd)| 0y
Hj:_oo | cos(mzo67)|
(3.13)
B y
Hj:E.““) 1 | cos(my,.0” )]
Fi(k) = —t . —1, k—oo,i=1,...,M;
Hj:_oo | cos(mz;07)|
(3.14)
N .
I w,, [cos(myd?)]
Fryia(k) = - -1, k— .

[172, | cos(2mr AG=7)|

These statements will imply the lemma. A
First we verify (3.12). Observe that H;’iE@) | cos(mzp6”)| — 1, since
-0

E(()k) — oo and the denominator in Fy(k) converges. Thus, it remains

to show that
(k)

7 | cos(rué)]
] leostrmfl
Pt | cos(mzp67)|

Note that y, = zp + O(G_J(k>) by (3.10). By assumptlon (2.3),
| cos(myb?)| > n for j < Ni. Since |yp0” — z07| = O(67~ 7" ), we
have |cos(my'07)| > n/2 for y' between zy and yy, for all j < Eok), for
k sufficiently large. Then we can take the logarithm of each term and
use the mean value theorem to get

where 3/ is between zy and y. Summmg over j < E ) and letting

cos(my0”)

IA

0 | tan(my'607)] - |y — 200

cos(mzpb7)

< g‘yk — 20|0? = O(@jf‘]l(k))a

k — oo yields the desired claim, smce J Eék) — +00.
Now we verify (3.13). Since E@ 1 J(k — —00, E(k) JH s 1oo,

and the denominator in F;(k) converges, it sufﬁces to show that
E®

k3

| cos(myx67)

|cos (WziGJ'*Ji(k)ﬂ

(3.15)

J=EM 41
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In view of (3.10), we can write
i—1
. . . (k) (k) (k)
Yyt = 206’ + Z 20 4 2077+ 007,
=1

for j = E;ﬂ—i—l, ce Ei(k). By (3.11), for j = EZ-(E)I—i—l, ce Ei(k) we have

Yt = O(pi*Jfﬁ)l) 4 Ziej*Ji(k) + O(Qj*Ji(i)l) mod Z.

For k sufficiently large, the denominators in (3.15) are bounded away
from 0, as above, when we checked (3.12), and we obtain

W) . (k)
< const - (pJ*JH + QJ*JM)'

cos (Wzié’j_ i )
Summing over j = Efﬁ)l +1,..., E.(k), we obtain that the logarithm of

: : . gk _ k)
the product in (3.15) is bounded in modulus by const - (p i-17vi-1

(k) _ 4(k)
6% *Jiﬂ) which tends to 0, as k — oo.

It remains to check (3.14). Since E](\j) — N}, — —oo and the denomi-
nator in Fy.1(k) converges, it is sufficient to show that

Ny

| cos(myrt?)]
1 . 1.
(3.16) H) lcos(2mrAGiN)|
j:E]M “+1

We have for j = Ej(\j) +1,..., N, from (3.10), in view of (3.11):

b9 = 20 AGINe 1 O (") 4 O(69 e pN i) mod Z.

For k sufficiently large, the denominators in (3.16) are bounded away
from 0, as above, when we checked (3.12), and we can write

'log

Summing over j = Ej(\f[) +1,..., Ng, we obtain that the logarithm of the

cos(myrb?)
cos(2mr AGI—Nk)

‘ < const - (pj_Jl(\? + Qj_N’“pN’“_JJ(VI;)).

product in (3.16) is bounded above in modulus by const - (pEE\I;)*JJ(;) +

ka—J](\’j)) which tends to 0, as k — oo. This concludes the proof of
Lemma 3.2 and inequality (2.1). O

4. PROOFS OF OTHER RESULTS

4.1. Proof of Theorem 1.3 (ii). Let Jy denote the set of limit points
of {ig(t) : t > 0} as t — oc.

Lemma 4.1. Jy is a non-empty interval.
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Proof. By the result of Erdés [4], Jp contains a nonzero point. On the
other hand, 0 € Jy, since [ip(6"/4) = 0, n > 1. Let a = inf Jp, b =
sup Jy. Then there are sequences u;, v; — oo such that fip(u;) — a
and fig(v;) — b. Without loss of generality, u; < v; < w;q; for all 1.
Since t +— fiy(t) is continuous, for any € > 0, for all ¢ sufficiently large,
any value between a + ¢ and b — ¢ is assumed by Jiy(t) at least once in
(ui,v;). Thus, Jy = [a,b]. O

Our goal is to prove that for a.e. > 0, Jy is in fact the set of limit
points for the sequence {jiy(rn) : n € Z} as well.

Let {yx}r>1 be a sequence dense in Jy. By the definition of Jy, for

)

any k > 1, there is a sequence tgk — +00 as ¢ — 00, such that

lim; o f1g (tgk)) = yi. Recall the following well-known fact.

Proposition 4.2. [6, Chap. 1, Sec. 4, Cor 4.3] For any unbounded
sequence {x;}i>1, the set {aw;}i>1 is dense modulo 1 for Lebesgue-a.e.
.

Thus, for a.e. r > 0, the sequence {r‘ltgk)}i>1 is dense modulo 1 for
all k > 1. Fix such an r. Then for any k > 1, there is a subsequence
£
for any k, there exist n; € N such that rn;

such that riltgf) — 0 mod 1 (of course, i; may depend on k). Thus,
—tgf) — 0, as j — oo. Note

that ‘%/fg(tﬂ < (O, since g has compact support on R, whence

(4.1) {itp(an) : n € N} = {j1p(b,) : n € N}
for any a,, b, — oo, with a,, — b,, — 0. Therefore,
Jim fp(rn;) = lim iy (1)) = yi.

It follows that for a.e. r > 0, the set of limit points of {jiy(rn) : n € N}
contains all y;, which are dense in Jy, and hence it contains all of

Jp. U

4.2. Conclusion of the proof of Theorem 1.3 (i) and proof of

Theorem 1.5. In view of (2.1) and the fact that F,SZ?;I) - ]:,SZ,)T, n >
1, it suffices to show that the nth derived set of limit points of F,, , is
infinite for r € Q(0).

Since r € Q(#), there exists p € Z[z] such that A = rp(f) € Z[0].
Let ¢ € Z[] be an arbitrary number. We have

lim i5(r(p(0)q0")) = lim jip(Ag0*) = [ coserigs?).
Jj=—00
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The first equality holds by (4.1), as ||h6"]| = O(p") = o(1) for any
h € Z[f]. The second equality follows from (1.2). Put

oalg) = J] cos(2mAgs?)

and
Q= {palq) : q € Z]0]} .

We just proved that Q) C F,, ., so QXI) C fﬁgjﬁl), n > 1. Our next
goal is to show that Q) (and hence F, ) is infinite for every A € Z[d].

Let a,b € Z[0] and put ¢,(a,b) := a + b0". Then

(5] 5]
oa(gn(a, b)) = H cos(2mA(a + b0™)077) - H cos(2mA(a + b0™)077)
j=—o0 [2]+1

H cos(2mA(a + b0™)077),

and similarly to Lemma 3.2, it is easy to see that the first product
tends to @ (a), the second one tends to ¢, (b) and the last one tends
to 1. Hence

(4.2) palan(a; b)) = pala)pa(b), n— +oo.

Recall that 6 # 2 (when ¢a(q) = 0 for any A and g), so there always
exists ¢ such that 0 < |pa(¢)| < 1. Furthermore, since ¢,(a,b) € Z[6)],
(4.2) implies that Q3 C ), where Q3 = {wiws : w; € Qp}. Now,
04 C (@))% c (2) c 9, and by induction, 02" ¢ Q. Thus,
Oh(q) € Qﬁ\"), and since the derived sets are nested, they are all infinite.
It follows that oy is countably infinite for each n > 1. O

5. CONCLUDING REMARKS

5.1. Our first remark concerns the proof of Theorem 1.3 (ii) (see the
beginning of the previous section). In fact, what we use is the following

Lemma 5.1. Assume that f is uniformly continuous on R, and J is
the set of the limit points of f ast — +oo. Then the derived set for
{f(rn) : n € N} as n — +oo is equal to J for a.e. r > 0.

The proof of this lemma is exactly the same as above for f(t) :=
fg(t). This claim is probably known but we did not find it in the
literature.
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5.2. Our second remark consists in a simple observation that the ex-
pression for the limit points of F,,, , in Lemma 3.2 (without the moduli)
is in fact a general formula for z € F), .. More precisely, let

Py ={£:]|£0"|| — 0, n — +o0}.

Asis well known, Z[0] € Py C Q(0) (see, e.g., [2]), and Py is obviously a
group under addition. Then our claim is that for any M € Z, (z))M, €
Péw tand A€ Z,

M 00 o0
T = H H cos(mz;07) - H cos(2mr A0~ € ‘7:;:9,1”-
i=0 j=—o0 J=0

Indeed, put
ng = ((2r) " H2gfMFTVE L2 0MF 4o 20%)) 4+ A

The proof is practically the same as for Lemma 3.2, and we leave it to
the reader.

5.3. Our next remark concerns translations of Bernoulli convolutions.
Let v € R; then shifting the origin by ~ results in multiplying fg(rn)
by 627ri'yn‘

Proposition 5.2. The closure of the set {jip(rn)e*™™ : n € Z} is
countable for r € Q(0) and v € Q(0), but uncountable for r € Q(0)
and a.e. v € R.

Proof. First suppose that 7 € Q(0) and v € Q(0). If fig(rng)e?™ ™ has
a nonzero limit, then |fig(rng)| — a # 0 and ||yng]| — b € [0,3]. By
Theorem 1.3 (i), there are countably many possible a’s, so it remains
to check that there are at most countably many possible 0’s. We can
proceed as in Section 3 and obtain (3.10), without loss of generality.
This implies that n; is approximated by a finite linear combination of
powers of 6 with coefficients in Q(#). Now it is enough to note that
for any £ € Q(0), the sequence {||€0"|| : n € N} has finitely many limit
points® and hence the sequence {||yn.|| : & € N} has finitely many
limit points.

For the proof of the second statement, let r € Q() and fix ny so that
\fig(rny)| — a # 0. Using Proposition 4.2 again, we see that for a.e.
v € R, the sequence {yny : k € N} is dense modulo 1, and therefore,
the set of limit points of the sequence {fig(rny)e*™ ™} is the circle of
radius |al. O

3This was known to Pisot, see e.g. [1, p. 96]
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5.4. Denote by py(r,~y) the measure on the circle whose Fourier co-
efficients are figp(rn)e*™™7 (that is, the translation of a scaled copy of
to). We have shown that for most (r,7) the spectrum sp(T), (), L?)
contains a continuum (an interval or a circle). In these cases we can-
not use Sarnak’s result [8] to claim that the spectra are the same in all
LP, for p € (1,00). However, the remarks in [3] indicate that pg(r,0)
is LP-improving for any » > 1 and # > 1, and any translation of the
measure, obviously, preserves the property. Thus, by [5, Th. 4.1] we
see that the claim on the coincidence of spectra in all L? is valid for all

#9(r7 7)'
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