HILBERT SCHEMES OF 8 POINTS
DUSTIN A. CARTWRIGHT, DANIEL ERMAN, MAURICIO VELASCO, AND BIANCA VIRAY

ABSTRACT. The Hilbert scheme H? of n points in A? contains an irreducible component
R? which generically represents n distinct points in A?. We show that when n is at most 8,
the Hilbert scheme H¢ is reducible if and only if n = 8 and d > 4. In the simplest case of
reducibility, the component Ri C Hg is defined by a single explicit equation which serves
as a criterion for deciding whether a given ideal is a limit of distinct points.

To understand the components of the Hilbert scheme, we study the closed subschemes
of H? which parametrize those ideals which are homogeneous and have a fixed Hilbert
function. These subschemes are a special case of multigraded Hilbert schemes, and we
describe their components when the colength is at most 8. In particular, we show that the
scheme corresponding to the Hilbert function (1,3,2,1) is the minimal reducible example.

1. INTRODUCTION

The Hilbert scheme H? of n points in affine d-space parametrizes 0-dimensional, degree n
subschemes of A?. Equivalently, the k-valued points of H¢ parametrize ideals I C S =
k[x1,...,xq] such that S/I is an n-dimensional vector space over k. The smoothable compo-
nent RY C HY is the closure of the set of ideals of distinct points. The motivating problem
of this paper is characterizing the ideals which lie in the smoothable component, i.e. the
0-dimensional subschemes which are limits of distinct points. We determine the components
of the schemes H¢ for n < 8, and find explicit equations defining Ri C Hg.

We assume that k is a field of characteristic not 2 or 3.

Theorem 1.1. Suppose n is at most 8 and d is any positive integer. Then the Hilbert
scheme H® is reducible if and only if n = 8 and d > 4, in which case it consists of exactly
two irreducible components:

(1) the smoothable component, of dimension 8d
(2) a component denoted G&, of dimension 8d — 7, which consists of local algebras iso-
morphic to homogeneous algebras with Hilbert function (1,4,3).

It is known that for d at least 3 and n sufficiently large the Hilbert scheme of points is
always reducible | ]. The fact that the Hilbert scheme Hg has at least two components
appears in | |. In contrast, for the Hilbert scheme of points in the plane (d = 2), the
smoothable component is the only component | .

To show that the Hilbert scheme of n points is irreducible, it suffices to show that each
isomorphism type of local algebras of rank at most n is smoothable, and for n at most 6
there are finitely many isomorphism types of local algebras. In contrast, there are infinitely
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many non-isomorphic local algebras of degree 7. Relying on a classification of the finitely
many isomorphism types in degree 6, | ] proves the irreducibility of H¢ for n = 7.

In our approach, a coarser geometric decomposition replaces most of the need for classi-
fication. We divide the local algebras in H? into sets H }if by their Hilbert function h, and
we determine which components of these sets are smoothable. The main advantage to this
approach is that there are fewer Hilbert functions than isomorphism classes, and this enables
us to extend the smoothability results of | | up to degree 8.

In order to determine the components of H }Ef, we first determine the components of the

standard graded Hilbert scheme H%, which parametrizes homogeneous ideals with Hilbert

function h. By considering the map 7;: H }Ef — H% which sends a local algebra to its asso-

ciated graded ring, we relate the components of H% to those of H g. The study of standard
graded Hilbert schemes leads to the following analogue of Theorem 1.1:

Theorem 1.2. Let H% be the standard graded Hilbert scheme for Hilbert function h, where
> h; <8. Then H% is reducible if and only zfﬁ =(1,3,2,1) or h= (1,4,2,1), in which case
it has exactly two irreducible components. In particular, H?1,372,1) 1s the minimal example of
a reducible standard graded Hilbert scheme.

As in the ungraded case all standard graded Hilbert schemes in the plane are smooth and
irreducible | ].

In the case when d = 4 and n = 8, we describe the intersection of the two components of
Hy explicitly. Let S = k[z,y, z,w] and S; be the vector space of linear forms in S. Let S;
denote the space of symmetric bilinear forms on S;. Then, the component G is isomorphic
to A* x Gr(3,53), where Gr(3,S53) denotes the Grassmannian of 3-dimensional subspaces
of S5.

Theorem 1.3. The intersection Ry N Gg is a prime divisor on Gs. We have the following
equivalent descriptions of Ra N Ga C Ga:
(1) Set Theoretic For a point [ € Gg = A* x Gr(3,55) = A x Gr(7,5;) let V' be the
corresponding 7-dimensional subspace of Sy. Then I € G§ belongs to the intersection
if and only if the following skew-symmetric bilinear form (,); is degenerate:

3
()1t (S1® 82/ V)® — N\ (S2/V) =k
(i @ q1,la @ qo)r = (Lile) ANn N @2

(2) Local Equations Around any I € G, choose an open neighborhood Uy C Gg such
that the uniwersal Grassmannian bundle over the Uy is generated by three sections.
Since these sections are bilinear forms we may represent them as symmetric 4 X 4
matrices Ay, As, and Az with entries in T'(Uy, Ogg). The local equation for Rg N U;
1s then the Pfaffian of the 12 x 12 matrix:

0 A —A
-A; 0 As
Ay —As 0

Note that specializing this equation to I gives the Pfaffian of (,);.
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The local equation from the previous theorem gives an effective criterion for deciding
whether an algebra of colength 8 belongs to the smoothable component. Moreover, it can be
lifted to equations which cut out R C Hgi. Recall that Hg can be covered by open affines
corresponding to monomial ideals in k[z,y, z, w] of colength 8.

Theorem 1.4. On these monomial coordinate charts, Ry C Hg is cut out set-theoretically
by
(1) The zero ideal on charts corresponding to monomial ideals with Hilbert functions
other than (1,4, 3).
(2) The pullback of the equations in Theorem 1.3 along the projection to homogeneous
ideals in charts corresponding to monomial ideals with Hilbert function (1,4,3).

Remark 1.5. Tt is not known whether Hg is reduced. If it is, then the equations in Theo-
rem 1.4 cut out the smoothable component scheme-theoretically.

Remark 1.6. Every point of the Hilbert scheme of n points in P? has an open neighborhood
isomorphic to H?. Therefore, analogues of Theorems 1.1, 1.3, and 1.4 hold for the Hilbert
scheme of n points in P?. However, the most natural setting for our methods is the affine
case and the language of multigraded Hilbert schemes.

The material in this paper is organized as follows: Section 2 contains background and
definitions. Section 3 describes the geometry of standard graded Hilbert schemes of degree
at most 8. Section 4 contains proofs of the smoothability of families of algebras and its main
steps are collected in Table 4.1. Section 5 is devoted to the study of the components of Hg
and their intersection. Section 6 ties together these results to give proofs of all theorems
mentioned above. Finally, Section 7 proposes some open questions.

2. BACKGROUND

In this section, let k be a field and S = k[z1, ..., x4

2.1. Multigraded Hilbert schemes. A grading of S by an abelian group A is a semigroup
homomorphism deg: N¢ — A which assigns to each monomial in S a degree in A. Let h: A —
N be an arbitrary function, which we will think of as a vector H, with values h, indexed by a
in A. We say that a homogeneous ideal I in S has Hilbert function hif Sa/1, has k-dimension
he for all @ € A. The multigraded Hilbert schemes, introduced by Haiman and Sturmfels,

parametrize homogeneous ideals with a fixed Hilbert function | |. More precisely these
are quasi-projective schemes over k which represent the following functors | , Theorem
1.1):

Definition 2.1. For a fized integer d, grading deg, and Hilbert function fL, the multigraded
Hilbert functor H;: k-Alg — Set assigns to each k-algebra T, the set of homogeneous ideals
J in ST such that the graded component (S®T/J), is a locally free T-module of rank h,
for all a in A. The multigraded Hilbert scheme is the scheme which represents the multigraded
Hilbert functor.

In particular, we will be interested in the following two special kinds of multigraded Hilbert
schemes:
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o Let deg: N? — 0 be the constant function to the trivial group and define hg = n. In
this case the multigraded Hilbert scheme is the Hilbert scheme of n points in A% and
will be denoted HE.

o Let deg: N — Z be the summation function, which induces the standard grading
deg(z;) = 1. We call the corresponding multigraded Hilbert scheme the standard

graded Hilbert scheme for Hilbert function h and denote it with H%.
If n=73",cyhy there is a closed immersion H% — HY by | , Prop. 1.5].

2.2. Coordinates for the Hilbert scheme of points. In this section we briefly discuss
some coordinate systems on H?. The reader should refer to | , Ch. 18] for an extended
treatment. For a monomial ideal M of colength n with standard monomials \, let Uy C H?
be the set of ideals I such that the monomials in A are a basis for S/I. Note that the Uy
form an open cover of HY. An ideal I € U, has generators of the form m — %" ., ¢mm’.
The ¢, are local coordinates for Uy which define a closed immersion into affine space.

Suppose V (I) consists of n distinct points ¢V, ..., ¢™ with coordinates qz-(j) for1 <i<d.
Fix an order A = (my, ..., m,) on the set of monomials A and define Ay = det ([m;(¢\?)]; ;).
For example, if A = (1,zy,...,27" "), then A, is the determinant of the Vandermonde matrix

)

on the qgj I eU A, We can express the ¢]', in terms of the qi(j using Cramer’s rule as:

m AA—m’—&—m
Coy — —
Ay

where A — m’ 4+ m is the ordered set of monomials obtained from A\ by replacing m’ with
m. Note that the right-hand side of this equality is only defined for ideals of distinct points.
The quotient or product of two A,s is S,-invariant. Thus the formula does not depend
on the order of A\. Gluing over the various Uy, these quotients determine a birational map
(AY)" /S, --» R% which is regular when the points ¢') are all distinct. The rational functions

% are elements of the quotient field of either (A%)"/S, or RY. The expressions Ay and

n2
their relationship to the local equations ¢/, were introduced in | , Proposition 2.6].

2.3. Duality. First suppose that k has characteristic 0, and let S* be the ring k[y1, . . ., v4),
with the structure of an S-module via formal partial differentiation z; - f = g—zfi. If we
look at homogeneous polynomials of a fixed degree j in each of the two rings, we have a
pairing S; x ST — S5 = k. Any vector subspace of S; has an orthogonal subspace in S} of
complementary dimension. In particular, if I is a homogeneous ideal in S, we have subspaces
I+ C S and we set I+ = @3-, which is often called the Macaulay inverse system of I. The

subspace I+ is closed under differentiation, i.e., a%il & C I;-, for all i and j. Conversely,
any graded vector subspace I+ C S* which is closed under differentiation determines an
orthogonal ideal I C S with Hilbert function h; = dimy I]-L. Also, note that any linear
change of variables in .S induces a linear change of variables in S*.

If £ has positive characteristic, then the same theory works for sufficiently small degree.
Formal partial differentiation gives a perfect pairing S; x 57 — k if and only if j is less
than p. Thus, we can associate orthogonal subspaces [ ]L to a homogeneous ideal I so long
as I, contains all of S,. In this case, we define [ JL = 0 for all degrees j at least p, and
I = ®I; as before. Conversely, for a graded vector subspace It C S, which is closed under
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differentiation and with [ f = 0 for j at least p, the orthogonal space is a homogeneous ideal
I C S with Hilbert function h; = dimy, I;-.

3. COMPONENTS OF THE STANDARD GRADED HILBERT SCHEMES

In this section, k& will denote an algebraically closed field of characteristic not 2 or 3.
We will study the components of the standard graded Hilbert schemes H% with Hilbert

function i where > h; < 8. These results will be important for the proofs of smoothability in
the following section. From | , Theorem 1}, we have that for d = 2, the standard graded
Hilbert schemes are irreducible. Thus, we will only work with d at least 3. For the purposes
of classifying irreducible components of H%, it is convenient to work with homogeneous ideals
which contain no linear forms, and thus we assume that h; = d. The following lemma allows
us to restrict our attention to this case:

Proposition 3.1. The standard graded Hilbert scheme H% with d > hy is a Hgl—bundle over
Gr(d — hy,S1). In particular, if Hgl 15 1rreducible of dimension D then Hg 1s irreducible of
dimension D + (d — hy)d.

Proof. The degree 1 summand of the universal ideal sheaf of OH% [21,...,24] is locally free
of rank d — hy and thus defines a morphism ¢: H% — Gr(d — hy,S1). Over an open affine
U =2 Al=hM iy Gr(d — hy, S;), we have an isomorphism ¢~1(U) = U x Hgl by taking a
change of variables in Oz, ..., x4 O

Lemma 3.2. Let be m a positive integer such that m! is not divisible by the characteristic
of k. Let f(y1,...,ya) be a homogeneous polynomial in S}, whose partial derivatives form
an r-dimensional vector subspace of Sy, _,. Then f can be written as a polynomial in terms
of some r-dimensional subspace of ST.

Proof. There exists a linear map from S; — S}, _; which sends z; — g—?j. After a change of
variables, we can assume that x,1, ...,z annihilate f. Thus, any term of f contains only
the variables vy, ..., Y. 0

Throughout this section, N will denote dimy, Sy = (d;rl), the dimension of the vector space
of quadrics.

Proposition 3.3. Let 0 < e < N. The standard graded Hilbert scheme for Hilbert func-
tion (1,d,e) is isomorphic to the Grassmannian Gr(N — e, Ss), and it is thus irreducible of
dimension (N — e)N.

Proof. We build the isomorphism via the functors of points of these schemes. For a k-algebra
T let ¢(T): Hp(T) — Gr(N —e, S2)(T) be the morphism of sets which maps a homogeneous
ideal I C T ®y S to I. Let (T): Gr(N — e, S2)(T) — Hp(T) be the map which sends a
k-submodule L of T'® Sy to L & ,;-5(T ®x S;), which is an ideal of T'® S. The natural
transformations ¢ and v are inverses of one another and the isomorphism follows from
Yoneda’s Lemma. 0

Proposition 3.4. Let h = (1,d,1,...,1) and let m > 3 the largest index such that h,, is
non-zero. Then the standard graded Hilbert scheme for h is irreducible of dimension d — 1.
5



Proof. We claim that the scheme H% is parametrized by Gr(1,S7) by sending a vector space

generated by ¢ € S} to the ideal generated by the quadrics orthogonal to £ and all degree
m + 1 polynomials. This ideal has the right Hilbert function and the parametrization is
clearly surjective. 0

Theorem 3.5. If d is at least 3, the standard graded Hilbert scheme for Hilbert function
(1,d,2,1) is reducible and consists of the following two components:

(1) The homogeneous ideals orthogonal to €3, (*, and q where { is a linear form and
q is a quadric linearly independent of (*. We denote this component by Qg, and
dim(Qy) = (d* + 3d — 6)/2.

(2) The closure of the homogeneous ideals orthogonal to a cubic ¢ and its partial deriva-
tives, where the degree 1 derivatives of ¢ have rank 2. We denote this component by

Pa, and dim(Py) = 2d — 1.

Proof. We compute the dimension of the first component. It is parametrized by the 1-
dimensional subspace of S} generated by ¢ and a 2-dimensional subspace of S5 which contains
(2. These have dimensions d — 1 and N — 1 — 1 respectively, for a total of (d* + 3d — 6)/2.

An open subset of the second component, Py, is parametrized by a 2-dimensional subspace
V of ST and a cubic ¢ € Sym4(V) which is not a perfect cube. The parametrization is
by taking the ideal whose components of degrees 3 and 2 are orthogonal to ¢ and to its
derivatives respectively. The space of derivatives is 2-dimensional by our construction of c.
The dimension of Py is 3 + 2(d — 2) = 2d — 1.

We claim that any homogeneous ideal with Hilbert function (1,d,2,1) lies in one of these
two components. Any such ideal is orthogonal to a cubic ¢, and the derivatives of ¢ are at
most 2-dimensional. If the derivatives are 1-dimensional, then ¢ must be a perfect cube, so
the ideal is in Q4. Otherwise, the ideal is in P;.

Finally, we will show that P; has a point that does not lie on Q4. Let I be the ideal
orthogonal to z;73, and its partial derivatives, 2x1xo, 3. Then I is generated by z3 and all
degree 2 monomials other than 23 and z;x,. We will study the degree 0 homomorphisms
¢: I — S/I as these correspond to the tangent space of H% at I. For any quadric generator
q, we can write ¢(q) = a x5 + byx122. Note that x1¢(q) = a,z125 and 22¢(q) = byx123. For
any 1,7 > 2, ¢ must satisfy the conditions:

1‘1<Z5($z'37j) = SCJ¢(SC@I1)

$2¢($ixj) xﬂb(l‘zi@)

371@5(3711)2) = xqu( )

Top(T12;) = x1¢(:c2xz)

In matrix form, we see that ¢ must be in the following form:

¥} T xomp wmim; T

* C; * 0 0

T1xo | * 0 Ci 0 0
0

0 0 0 *

where i and j range over all integers greater than 2. Thus there are at most 2(d—2)+3 = 2d—1

tangent directions, but since P; has dimension 2d — 1, there are exactly 2d — 1 tangent
6



directions. On the other hand, Q4 has dimension (d*+3d —6)/2 which is greater than 2d — 1
for d at most 3, so I cannot belong to Q4 and thus Py is a component. 0

Proposition 3.6. The standard graded Hilbert scheme for Hilbert function (1,d,2,2) is
wrreducible of dimension 2d — 2.

Proof. The Hilbert scheme is parametrized by a 2-dimensional subspace L of S and a sub-
space of Sy of dimension N — 2, and containing the (/N — 3)-dimensional subspace orthogonal
to the square of L. The parametrization is by sending the subspace of S5 to the ideal gen-
erated by that subspace, together with all degree 4 polynomials. The dimension of this
parametrization is 2(d — 2) + 2 = 2d — 2. O

Proposition 3.7. The standard graded Hilbert scheme for Hilbert function h= (1,3,3,1) is
wrreducible of dimension 9.

Proof. This Hilbert scheme embeds as a closed subscheme of the smooth 18-dimensional
variety Gr(3,S2) x Gr(9,S3) by mapping an ideal to its degree 2 and 3 graded components.
Furthermore, H% is defined by 9 = 3 - 3 equations, corresponding to the restrictions that the
products of each of the 3 variables and each of the 3 quadrics in I are in /3. In particular,
the dimension of each irreducible component is at least 9.

Now we will look at the projection of H% onto the Grassmannian Gr(9,S3), which is
isomorphic to Gr(1,.55). The orthogonal cubic in S can be classified according to the vector
space dimension of its derivatives. For a generic cubic, its three derivatives will be linearly
independent and therefore the cubic will completely determine the orthogonal space. Thus,
the projection from H% is a bijection over this open set, so the preimage is 9-dimensional. In
the case where the derivatives of the cubic are 2-dimensional, we have that, after a change of
coordinates, the cubic is written in terms of two variables. Thus, the parameter space of the
cubic consists of a 2-dimensional choice of a subspace of S; and then a 3-dimensional choice
of a cubic written in terms of this subspace. The fiber over any fixed cubic is isomorphic to
the Grassmannian of 3-dimensional subspaces of the 4-dimensional subspace of Sy orthogonal
to the derivatives of the cubic. The dimension of the locus in H% is therefore 24+ 3 + 3 = 8.
By a similar logic, the locus where the cubic has a 1-dimensional space of derivatives is
2+ 2 -3 = 8. Therefore, H% is the disjoint union of three irreducible sets, of dimensions 9,

8, and 8. We conclude that H% is an irreducible complete intersection of dimension 9. 0]

Proposition 3.8. Let 1 < e < N. The standard graded Hilbert scheme for Hilbert function
(1,d,e,1,1) is irreducible of dimension d —1+ (N —e)(e — 1).

Proof. This Hilbert scheme is parametrized by a 1-dimensional subspace L of S}, together
with an e-dimensional subspace V' of S; which contains Sym,(L). The parametrization is
by mapping (L, V') to the ideal whose summands of degrees 2, 3, and 4 are orthogonal to V/,
L3, and L*, respectively. Note that this has the desired dimension (d — 1) + ((N —1) — (e —
1))(e—1). O

Theorem 3.9. With the exception of Hilbert function (1,3,2,1) and (1,4,2,1), the standard
graded Hilbert schemes with Y h; < 8 are irreducible.

Proof. The cases when d = 2 follow from | , Theorem 1]. The cases when d is at least
3 are summarized in Table 4.1 U



4. SMOOTHABLE 0-SCHEMES OF DEGREE AT MOST 8

In this section k& will denote an algebraically closed field of characteristic not 2 or 3.

Recall that a point I in H? is smoothable if I belongs to the smoothable component R%.
In this section, we first reduce the question of smoothability to ideals I in H? where S/I is
a local k-algebra and I has embedding dimension d. Then we define the schemes H }if which
parametrize local algebras, and we use these to show that each O-dimensional algebra of
degree at most 8 is either smoothable or is isomorphic to a homogeneous local algebra with
Hilbert function (1,4, 3).

We use two different methods to show that a subscheme H }i‘f belongs to the smoothable
component.

(1) For each irreducible component of H ]ﬁf , consider a generic ideal I from that component.
Apply suitable isomorphisms to put I into a nice form. Then show [ is smoothable.
Since the set of ideals isomorphic to I are dense in the component and smoothable,
the entire component of H ]Sf containing I must belong to R%.

(2) Within each irreducible component of H g, find an ideal I such that I is a smooth
point in H¢ and I belongs to R?. Then the whole component of H }Sf containing [
must belong to RY.

In each method we need to show that a particular ideal I is smoothable. We do this by
showing I = in J with respect to some non-negative weight vector for a smoothable ideal J.
The corresponding Grobner deformation induces a morphism A! — R4 which maps 0 to I.

For d = 2, the Hilbert scheme H? is smooth and irreducible | , Thm. 2.4]. Thus, we
will limit our analysis to algebras with embedding dimension at least 3.

For a finite rank k-algebra Ay, we say that Ag is smoothable if there exists a flat family
k[[t]] — A such that the special fiber of A is isomorphic to Ay and such that the generic
fiber of A is smooth. This terminology is justified by the following result:

Lemma 4.1. Let I C S an ideal of colength n. Then I is smoothable if and only if S/I is
smoothable (as a k-algebra).

Proof. Let I C S be a smoothable ideal, and let U C R? be the open set parametrizing
smooth 0-schemes. Since I € RY, there exists a smooth curve C and a map f: C — R¢
such that f(P) = I for some point P € C and such that f(C) meets U. By considering
the completion of C' at the point P, we obtain an induced map f: Spec(k[[t]]) — R¢ which
sends the closed point to I and the generic point into U. The flat family over Spec(k[[t]])

which corresponds to the map finduces an abstract smoothing of S/I.

Conversely, assume that Ay := S/I admits an abstract smoothing k[[t]] — A. Let
o: k[[t]][x1,...,xq) — A be defined by sending each z; to any lift of z; from S/I = A,.
Since A is a finitely generated k|[[t]]-module, the cokernel of ¢ is finitely generated, and so
we can apply Nakayama’s Lemma to show that ¢ is surjective. The map ¢ thus induces a
morphism of schemes f: Spec(k[[t]]) — H? which sends the closed point to I and the generic
point into U. It follows that I € U = R?. U

If I is supported at multiple points, then S/I is the product of local Artin algebras and a
smoothing of each factor over k[[t]] yields a smoothing of S/I. Because of this observation
and Lemma 4.1, we will now only consider ideals I in H¢ which define local algebras with

embedding dimension d.
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4.1. The schemes H}if. If (A,m) is a local algebra, its Hilbert function is defined by h; =
dimy, m’/m**! which is equivalently the Hilbert function of the associated graded ring of A.
When A is both local and graded, the two notions of Hilbert function coincide. We now
define the schemes H }Ef and explore their irreducible components for each Hilbert function h

For cach h such that >~ hi = n, the subscheme H} 4 C H? consists set-theoretically of the
ideals I defining a local algebra S /I with maximal 1deal (x1,...,24) whose Hilbert function
equals h. More precisely, let A = Opa[z1,...,24/Z be the unlversal sheaf of algebras on H?
and let M be the ideal (z1,...,24).A. The ﬁber at an ideal I of the quotient sheaf .A//\/lZ
is isomorphic to S/(I 4 (z1, ..., x4)"). For any fixed h, there is a locally closed subset of H?

consisting of those point such that the fiber of A/M? has dimension hg + ...+ h;_; for all
1> 0. Let H ]if be the reduced subscheme on this subset, and then the restriction of each

A/ Mt to Hg is locally free. Define B to be the sheaf of graded algebras on Hg whose ith
component is:

ker ((A/M”1)|Hg - (A/MMH%)

which is locally free of rank h; because it is the kernel of a surjection of locally free sheaves.
Note that the fiber of B at [ is the associated graded ring of S/I. There is a canonical
surjection of graded algebras O He [21,...,24) — B which defines a morphism 7;: H ¢ — Hd

to the standard graded Hilbert scheme The ideal I gets mapped to its initial 1deal Wlth
respect to the weight vector (—1,...,—1).
With the exception h = (1,3,2,1,1), we will show that the irreducible components of H ,Ef

and H‘i are in bijection via the map ;.
Proposition 4.2. Each subscheme H(1 de) 1S irreducible.
Proof. Since H (dl, de) = H?L de)> this follows from Proposition 3.3. 0

Proposition 4.3. Fiz h = (1,d,e, f). Let m = (d+ 1)d/2 — e = dimy So/I>. Then every
fiber of m; is iwrreducible of dimension mf. In particular, the irreducible components of Hg
are exactly the preimages of the irreducible components of H%.

Proof. Fix a point in H%, which corresponds to a homogeneous ideal I. Let qq,...,q., be
quadratic generators of I, and let ci,...,cs be cubics which form a vector space basis for
S3/I3. Define a map ¢: A™ — H? via the ideal

<Qi - Ele tijei |1 <i < m> + I>3

where the t;; are the coordinate functions of A™/. Because a product of any variable x, with
any of these generators is in I, this ideal has the right Hilbert function and maps to the fiber
of m; over I. Furthermore, ¢ is bijective on field-valued points, so the fiber is irreducible of
dimension mf.

For the last statement, we have that for any irreducible component of H%, the restriction
of m; has irreducible equidimensional fibers over an irreducible base, so the preimage is
irreducible. These closed sets cover H g and because each lies over a distinct component of
H%, they are distinct irreducible components. [l
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Combining Theorem 3.5 with the above proposition, we see H (dl 4:2,1) has exactly two
components: Py := 7 Y(Py) and Q4 := 7 1(Qy). In addition, by Propositions 3.6, 3.7,
and 4.3, H(dl,d,2,2) and H, 44, are irreducible.

Proposition 4.4. Let h = (1,d,1,...,1) and let m > 3 be the largest index such that h,, is
non-zero. Then Hg is irreducible of dimension (d + 2m — 2)(d — 1)/2. At a generic point,
after a change of coordinates, we can take the ideal to be:

(gt ol o mm | 1< i< d1<j<k<d)

Proof. Fix an ideal I € H%, and after a change of coordinates, we can assume
[={(z0" gz | 1<i<d—1,1<j<d)
Let J be an ideal in the fiber above I. By assumption J contains an elements of the form
TiTq — bigarg — = by
for 1 <i < d. Let J' be the image of J after the change of coordinates
(4.1) T x; + bigﬂfz + e bime‘_l

and note that J' contains x;x4 for 1 < i < d and also lies over I. Thus, foreach 1 <i < j < d,
J' contains an element of the form f = x;x; — a;;z% — - -+ for some k. However, J' must also
contains z;(z;xq) — xaf = aij$§+1 + ---, so in order to have I as the initial ideal, £ must

equal m. Therefore, J' is of the form
J = <$?+1,$ixj —ary,oprg |1 <i<j<d,1<k<d)

Conversely, for any choice of a;; and b;;, applying the change of variables in Equation 4.1
to the ideal J’ gives a unique ideal J with I as an initial ideal. Thus, the fiber is irreducible
of dimension (m — 2)(d — 1) + (d — 1)d/2 = (d — 1)(d 4+ 2m — 4)/2, which, together with
Proposition 3.4 proves the first statement.

For the second statement, note that the coefficients a;; define a symmetric bilinear form.
By taking the form to be generic and choosing a change of variables, we get the desired
presentation of the quotient algebra. 0]

The above propositions cover all Hilbert functions of length at most 8 except for h =
(1,3,2,1,1). In this case the fibers of 7(1321,1) are not equidimensional. The dimension of
the fiber depends on whether or not the homogeneous ideal requires a cubic generator.

Lemma 4.5. No ideal in H:())LB,ZLI) requires a quartic generator.

Proof. If I were such an ideal, then leaving out the quartic generator would yield an ideal
with Hilbert function (1,3,2,1,2). No such ideal exists, because no such monomial ideal
exists. ]

Lemma 4.6. There is a 4-dimensional irreducible closed subset Z of H = H:(gl 3.2,1,1) where
the corresponding homogeneous ideal requires a single cubic generator. On U = H\Z, the
1deal does not require any cubic generators.

10



Proof. Let S; denote the jth graded component of Oy[z,y, 2] and Z; C S; the jth graded
component of the universal family of ideals on H. Consider the cokernel Q of the mul-
tiplication map on the coherent sheaves Z, ®o,, S1 — Z3 on H. The dimension of Q is
upper semicontinuous. Furthermore, since it is not possible to have an algebra with Hilbert
function (1, 3,2,3), the dimension is at most 1. The set Z is exactly the support of Q.

We claim that Z is parametrized by the data of a complete flag V; C Vo C ST, and a
2-dimensional subspace @ of V? which contains V. The dimension of this parametrization
is 24+ 1+1=4. An ideal is formed by taking the ideal which is orthogonal to () in degree 2
and to the powers V2 and V! in degrees 3 and 4 respectively. After a change of variables, we
can assume that the flag is orthogonal to (x) C (z,y) C Ss. Then the degree 2 generators of
I are 22, xy, xz and another quadric. It is easy to see that these only generate a codimension
2 subspace of S3. Conversely, for any ideal with this property, the orthogonal cubic has a 1-
dimensional space of derivatives. Furthermore, there exists a homogeneous ideal with Hilbert
function (1,3,2,2,1) contained in the original ideal. The cubics orthogonal to these have a
2-dimensional space of derivatives, so we can write them in terms of a 2-dimensional space
of the dual variables. These two vector spaces determine the flag, and the parametrization
is bijective on closed points. In particular, Z is irreducible of dimension 4. 0]

Lemma 4.7. The preimage Z := 7 *(Z) is irreducible of dimension 11.

Proof. By Lemma 4.6, it suffices to prove that the fibers of m over Z are irreducible and
7-dimensional. Let I be a point in Z. As in the proof of Lemma 4.6, we can assume that
the ideal corresponding to a point of Z is generated by 22, zy, 22, q, ¢, where ¢ and c are a
homogeneous quadric and cubic respectively. A point J in the fiber must be generated by
m® and:

g =224+ a12° + b2t

G2 = xy + a2 + byt

g3 1= 1z + azz® + byt

g1 = q+ a2 + byt

g5 = c + by2?

The a;,b; are not necessarily free. We must impose additional conditions to ensure the

initial ideal for the weight vector (—1,—1,—1) is no larger than 7. In particular we must
have

201 — Xg3 = a1zt +012° — agwz® — byt € J
292 —Ygs = apzt + byz® — agyz3 — bgy24 eJ

This implies a; = ay = 0, because the final three terms of each expression are already in J.
By Buchberger’s criterion, it is also sufficient for these conditions to be satisfied. Therefore
the fibers are 7-dimensional. 0

Lemma 4.8. The preimage U := 7~ (U) is irreducible of dimension 12.

Proof. By Proposition 3.8, it suffices to show that the fibers of m over U are irreducible of

dimension 6. Let I be an ideal in /. Let V' be the 1-dimensional subspace of S} such that I3
11



is orthogonal to Symsy (V') and let ¢y, ..., gy be the degree 2 generators of I. Choose a basis
x,vy, 2 of Sy such that z,y is a basis for V+. Then any J in ¢~1(I) is of the form
(g +a;2® + 02" |1 <i<4) +m’.

We claim that forcing in(_1,—1,—1)(J ) = I imposes two linear conditions on the a;s. Using
the table of isomorphism classes of (1,3,2) algebras in | ], one can check that for any
4-dimensional subspace (qi, q2,qs3,q4) of Symy(V), the intersection of (zq; | 1 < i < 4)3
and (zqj,yq; | 1 < j < 4)3 is 2-dimensional. After choosing a different basis for @), we
may assume 2qi, 2¢2 € (xq;,yq; | 1 < j < 4). By using a similar argument to the one in
Lemma 4.7, we see a; = ay = 0. Since the only other linear syzygies among the ¢.s have no
z coefficients and x23,y2® and m® are in the ideal, these are the only conditions imposed.
Therefore, the fiber is 6-dimensional. 0J

Therefore, it suffices to show the following irreducible sets are contained in the smoothable
component.

H(d1,d,1,...,1)a Hﬁ,d,z), Py, Qa, Hfi1,d,2,2)7 H?1,3,4)a H(?)1,3,3)a H(31,3,3,1)= U,Z.
4.2. Smoothable algebras. In this section we prove that the irreducible sets:

HE g0y Hays Pay Qas HE 0.9y H s

are in the smoothable component by showing that a generic algebra in each is smoothable.
We then show that the remaining irreducible sets:

H?1,3,3)7 H(31,3,3,1)> U,z

are in the smoothable component by finding a point in each which is smoothable and a
smooth point on the Hilbert scheme.

Proposition 4.9. All algebras in szl,d,l,‘..,l) are smoothable.

Proof. We prove this by induction on d. Note the d = 1 case is trivial. Let m be the greatest
integer such that h,, is nonzero. Then, by Proposition 4.4 we can take a generic ideal to be
I=(xf -, ... 25, — oty + (zz; | i # 7).

We define J to be:
J={ai+x —a, ... 25— Y (x| # )

Note that J admits a decomposition as J = J; N Jy where J; = (1 + 1, 29, x3,...x4) and

2 m

Jo =z — 2 o3 —x, . ah — o Y+ (g |0 # F)

As the Hilbert function of J, equals (1,d — 1,1,...,1), the inductive hypothesis implies
that J, is smoothable. Thus J itself is also smoothable. Next note that I C ingm,.mz2)(J).
Since both I and J have the same colength, we obtain the equality I = in(m,m,mg)(t}). The
corresponding Grobner degeneration induces a map A! — R? which sends 0 to I. Thus I is
smoothable. O

Proposition 4.10. All algebras in Hfi1,d,2) are smoothable.
12



Proof. The proof is by induction on d. The case d = 2 follows from Theorem 2.4 of | ].
Assume d is at least 3. Note that I3~ defines a pencils of quadrics in d-variables. It then
follows from | , Lemma 22.42] that, up to isomorphism, a generic ideal in H (dl, 42) is of
the form
I = (zixj | i #5) + (o] —awh_, —bay |1 <i<d—2)

with a; and b; elements of k.

Define
Ji=(ww; | i #J) + (w1 + arxs_y + b, @] —awi_ —biai |2 <i<d—2)
:]2 = <CL’1 — 1,$2,...,$d>

Since J; has Hilbert function (1,d — 1,2), it is thus smoothable by the induction hypothesis.
One can check that I =ing,. 1y (J1 N Jz). Therefore I is smoothable. O

Proposition 4.11. All algebras in P; are smoothable.
Proof. Let I be a generic ideal in P;. After a change of variables we may assume
I = {(mxja; +a,2} —a5 | 1<i<j<d2<(<d).
One can check
I=inpos 3 ((x1+ Lz | j> 1) Nz, 0] +af,2] —2) |1 <i<j<d2<(<d)).

The second ideal in the intersection has Hilbert function (1,d, 1, 1), hence is smoothable by
Proposition 4.9. It follows that I is smoothable. 0

Proposition 4.12. All algebras in QQq are smoothable.

Proof. Let I be a generic ideal in (4. After a change of variables, we may assume
I = (v, 2 + b jyah, op — g + el | (# 1,1 <i<j<d1<k<d).
. Define

Ji = {(mi@e, mxy + b yat,xp — vpa ot [ (£ 1,1 <i<j<d1<k<d)

Jo = (v1+1,m9,...,24)
Then J; has Hilbert function (1,d,2) so is smoothable by Proposition 4.10. One can check
that I =inw 3, 3 (J1 N J2), and thus I is smoothable. O

Proposition 4.13. All algebras in H(d1,d,2,2) are smoothable.

Proof. Let I be a generic ideal with Hilbert function (1,d,2,2). After a change of variable,
we may assume (7(1)); = (y2,%3). Thus I must be of the form

(27 — apxs — buxy, 05 — a;xs — byxy | i < §,2 < £) + mt.
Note I determines a symmetric bilinear map
d: (m:m3)/m? x (m:m?)/m?> — md2p?
(i, ;) = @]+ by
By composing ¢ with projections onto the two coordinates, we get a pair of symmetric

bilinear forms. For a generic ¢, these are linearly independent and their span is invariant

under a change of basis on m?. By | , Lemma 22.42], there exists a basis for (m : m?)/m?
13



and m3 such that these bilinear forms are represented by diagonal matrices. Thus I has the
following form

(27 — apx? — bexs, wiwj — agw} — bijas | i< 3,2 < £) +m?,

where a;; = b;; = 0 if 7 and j are both greater than 2 and ay, b, are nonzero for all £ > 2.
After suitable changes of variable, we may assume b;; = a;; = 0 for all 7, j. This gives the
ideal

I = (2] — apw} — by, zij, 27,25 | i < §,2 < {).

Now consider the following ideals:
Jy o= (2] — agx] — ey, vy, 1, 25 |0 < 5,2 < L),
JQ = <£L'1 + 1,.1'2, c ,I’d>.

Note J; is a (1,d,2,1) ideal and in fact lies in the component @)y, and therefore is smooth-
able by Propositions 4.12. One can check that I = inp3 . 3 (J1 N J), and therefore I is
smoothable. O

Proposition 4.14. All algebras in H?1,3,4) are smoothable.

Proof. Such algebras are given by a 2-dimensional subspace of the space of quadratic forms,
with isomorphisms given by the action of GL3. Arguing as in Proposition 4.10, we conclude
that, up to isomorphism, a generic 2-dimensional space of quadrics is spanned by z? +
2% and y* + 22, Adding the necessary cubic generators, we get that [ = (y* + 22, 2% +
22,23 yz% x2? xyz) is a generic point of H?1’374).

Consider J = (y* + 22, x + x> + 22, 23, y2?, 2% zyz). Note that J is the intersection of an
ideal of colength 3 and an ideal of colength 5:

J=(z+1,0%yz 22 N {x+ 22y + 22, 2%, y2?)

Since both ideals in the above intersection are smoothable, .J itself is smoothable. One can
check that I = in( 1,1y(J). Therefore I is smoothable. O

To prove that the remaining families are smoothable, we show that they contain a smooth
point which is also smoothable. For this, we use the following result, which is well known
(e.g. | , Lemma 18.10] in characteristic 0), but we give the proof in arbitrary character-
istic for the reader’s convenience:

Proposition 4.15. All monomial ideals are smoothable.

Proof. Suppose we have a monomial ideal of colength n, written in multi-index notation

I = (g}'a(l), e fa(m)>. Since k is algebraically closed, we can pick an arbitrarily long sequence
ai,as, ... consisting of distinct elements in k. Define
d
o= T (G = an) s — )+ 3 — )
j=1

Note that in(f;) = 7 with respect to any global term order. Let J be the ideal generated
by the f; for 1 < ¢ < m and then in(J) D [ and so J has colength at most n. However,

for any standard monomial z® in I, we have a distinct point (ag,,...,ap,) in A% and each
fi vanishes at this point. Therefore, J must be the radical ideal vanishing at exactly these
points and have initial ideal I. Thus, I is smoothable. 0]

14



The tangent space of an ideal I in the Hilbert scheme is isomorphic to Homg(Z, S/I). We
use this fact to compute the dimension of the tangent space of a point I.

Proposition 4.16. All algebras in H?l,S,S) are smoothable.

Proof. This irreducible set includes the smoothable monomial ideal I = (2%, ¢?%, 2% zyz). A
direct computation shows I has a 21-dimensional tangent space, so [ is a smooth point in
H?. Thus, any algebra in H (13,3 is smoothable. O

Proposition 4.17. All algebras in H(?’1737371) are smoothable.

Proof. The ideal I = (x?, 9% 2%) in this locus is smoothable by Proposition 4.15, and one
can check that the Hilbert scheme is smooth at this point as well. Therefore H (31 331) 1S
contained in the smoothable component of the Hilbert scheme.

Proposition 4.18. All algebras in Z are smoothable.
Proof. Consider I = (22, 2y, xz,yz,2°> — y*) € Z and note that
I=ing0) ((r+1,y,2) N (z,92,2° —y") .

The second ideal is smoothable | , Thm. 2.4], so I is smoothable. One can also check
I is smooth in the Hilbert scheme by computing the dimension of Homg(/, S/I). Therefore
Z is contained in the smoothable component of the Hilbert scheme. 0]

Proposition 4.19. All algebras in U C H(317372’171) are smoothable.

Proof. Consider the ideal I = (z?, 2y — 2*,y* — 22,yz) € U. One can check that

I = i1’1(7,5,3) (<ZL’, Y,z — 1> N <I2, Yy — 237 y2 - IZ,yZ>) .
The second ideal in the intersection is in ()3 and therefore smoothable by Proposition 4.12.
Therefore I is smoothable by the same argument in the proof of Proposition 4.14. One can
also check [ has a 24-dimensional tangent space in the Hilbert scheme and is thus smooth.
Therefore U is contained in the smoothable component. O

Theorem 4.20. With the exception of local algebras with Hilbert function (1,4,3), every
algebra with n < 8 1s smoothable.

Proof. The possible Hilbert functions are exactly the Hilbert functions of monomial ideals,
and for d at least 3, one can check that there are no possibilities other those listed in Table 4.1.
For d at most 2, smoothability follows from Theorem 2.4 of | ] O

In particular, this implies that there are no components other than the ones listed in
Theorem 1.1.

5. CHARACTERIZATION OF SMOOTHABLE POINTS OF H{

In this section k will denote a field of characteristic not 2 or 3, except for Section 5.4 where
k= C.

We show that besides the smoothable component, the Hilbert scheme Hy contains a second
component parametrizing the local algebras with h = (1,4, 3). We prove that the intersection

of the two components can be described as in Theorem 1.3, and as a result we determine
15



degree | Hilbert H% component | reference | H }if component | smoothability
function dimensions dimensions reference

4 1,3 0 Prop 3.3 || 0 Prop 4.15

5 1,3,1 5 Prop 3.3 || 5 Prop 4.9
1.4 0 Prop 3.3 || 0 Prop 4.15

6 1,3,1,1 2 Prop 3.4 || 7 Prop 4.10
1,4,1 9 Prop 3.3 || 9 Prop 4.9
1,5 0 Prop 3.3 || 0 Prop 4.15

7 1,3,1,1,1 2 Prop 3.4 | 9 Prop 4.9
1,3,2,1 5,6 Thm 3.5 || 9, 10 Prop 4.12, 4.11
1,3,3 9 Prop 3.3 || 9 Prop 4.16
1,4,1,1 3 Prop 3.4 || 12 Prop 4.9
1,4,2 16 Prop 3.3 || 16 Prop 4.10
1,5,1 14 Prop 3.3 || 14 Prop 4.9
1,6 0 Prop 3.3 || 0 Prop 4.15

8 1,3,1,1,1,1 || 2 Prop 3.4 | 11 Prop 4.9
1,3,2,1,1 6 Prop 3.8 || 11(?7), 12 Prop 4.19, 4.18
1,3,2,2 4 Prop 3.6 || 12 Prop 4.13
1,3,3,1 9 Prop 3.7 || 12 Prop 4.17
1,3,4 8 Prop 3.3 || 8 Prop 4.14
1,4,1,1,1 3 Prop 3.4 || 15 Prop 4.9
1,4,2,1 7,11 Thm 3.5 || 15, 19 Prop 4.12, 4.11
1,4,3 21 Prop 3.3 || 21 *
1,5,2 26 Prop 3.3 || 26 Prop 4.10
1,5,1,1 4 Prop 3.4 | 18 Prop 4.9
1,6,1 20 Prop 3.3 | 20 Prop 4.9
1,7 0 Prop 3.3 || 0 Prop 4.15

TABLE 4.1. Summary of the decomposition of Hilbert schemes by Hilbert
function of the local algebra with hy > 3. The dimensions of the compo-
nents of H}i‘f are computed using Propositions 4.3 and 4.4. In the case of

h = (1,3,2,1,1), Lemmas 4.7 and 4.8 show that Hg is the union of two irre-
ducible sets, but we don’t know whether the smaller set is contained in the
closure of the larger one.

exactly which algebras with Hilbert function (1,4,3) are smoothable. We will use Gq to
denote the standard graded Hilbert scheme H?17473) = Gr(7, 53), which we will think of as a
closed subscheme of Hy.

In Section 5.2 we introduce and investigate the Pfaffian which appears in Theorem 1.3, and
we prove the crucial fact that it is the unique G Ls-invariant of minimal degree. In Section 5.3,
we give a first approximation of the intersection locus. We then use the uniqueness results
from Section 5.2 to prove Theorem 1.3. We begin by proving reducibility,

Proposition 5.1. For d at least 4, the Hilbert scheme Hg is reducible.

Proof. Tt is sufficient to find a single ideal whose tangent space dimension is less than 8d =
dim RZ. Consider the ideal

J = <x%,xlazg,:c%,xg,xgm,xi,mlm + xows) + (x; | 4 <i < d)
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The tangent space of J in HZ can be computed as dimy, Homg(J, S/J). A direct computation
shows that an arbitrary element of Homg(J, S/J) can be represented as a matrix

3 mze xE 22 mymy 1) mimg+woxs T

1 0 0 0 0 0 0 0 *

T 2&2 aq 0 0 0 0 ay *
To 0 as 2a; 0 0 0 as *
T3 0 0 0 2&3 ay 0 ay *
T4 0 0 0 as 2&4 as *
T1T3 * * * * * * *
T1X4 * * * * * * * *
Loy * * * * * * * *

where ¢ again ranges over 4 < ¢ < d, the a; are any elements in k, and each * represents an
independent choice of an element of k. Thus, dimy Hom(J, S/J) =4+21+4+8(d—4) =8d—7.
The computation holds in all characteristics. Since 8d — 7 < 8d = dim(RY), we conclude
that J is not smoothable and that H¢ is reducible. U

Remark 5.2. The above proposition holds with the same proof even when char(k) = 2 or 3.

5.1. The irreducible components of Hg. Consider Hy with its universal ideal sheaf 7
and let A = Ops [1,...,24]/Z. On each open affine U = Spec B such that Ay is free,
define f; € B to be i tr(X;) where X; is the operator on the free B-module A(U) defined
by multiplication by z;. We think of the f; as being the “center of mass” functions for the
subscheme of A% defined by Z|;. Note that the definitions of f; commute with localization
and thus they lift to define elements f; € I'(Hg, O Héx), which determine a morphism f: H§ —
A4,

Considered as an additive group, A* acts on Hy by translation. We define the “recentering”
map 7 to be the composition

re HE At o qE — 1
By forgetting about the grading of ideals, we have a closed immersion ¢ of Gy = H?17473)

into Hy | , Prop 1.5]. We define G to be the preimage of this closed subscheme via the
“recentering” map, i.e. the fiber product:

G—>H§l

[
Gy —— H}

We define intersections W := G N Ri and W, := Gy N R. We will focus on Wy, and the
following lemma shows that this is sufficient for describing W.

Lemma 5.3. We have isomorphisms G = Gy x A* and W = W, x A*.

Proof. We have a map G — Gy, and a map f: Hy — A?. We claim that the induced map
¢: G — A* x Gy is an isomorphism.

Define v: A* x Gy — Hy to be the closed immersion ¢ followed by translation. We
work with an open affine U = Spec A C G, such that the restriction ¢|y corresponds to

an ideal I C Alzy,...,x4] whose cokernel is a graded A-module with free components of
17



ranks (1,4,3). The map ©|pap corresponds to the ideal I' C Alty, ..., t4][x), ..., 2] where
I’ is the image of I under the homomorphism of A-algebras that sends x; to x + ¢;. Then
Alty, .. ta)[xy, .. x|/ T = (Al ... 2] /D[t . . . t4] is a graded Afty, . .., t4]-algebra with
x,—t; = x; homogeneous of degree 1. The key point is that as operators on a free A[tq, . .., t4)-
module, the x; have trace zero, so the trace of the z} is 8¢;. Thus, r o ¢: A* x Gy — Hy
corresponds to an ideal I" C Alty,..., tq)[z],...,2}] which is the image of I’ under the
homomorphism that takes z; to 7 — ¢;. This is of course the extension of I C A[xy,..., 4]
to Alty, ..., tql[x], ..., o}] with 2] = x;, and so I” has the required properties such that r o)
factors through the closed immersion ¢. Thus, ¥ maps to GG. Furthermore, we see that r o1
is the projection onto the first coordinate of A* x G and f o) is projection onto the second
coordinate. Thus, ¢ o v is the identity.

Second, we check that the composition 1) o ¢ is the identity on . This is clear because
the composition amounts to translation by — f followed by translation by f.

The isomorphism for W follows by the same argument. 0

Lemma 5.4. W and Wy are prime divisors in G and Gqo respectively.

Proof. The point I = (z% v 29, 3, 3, x334, 3, 1174) belongs to Rg and to G and has a 33-
dimensional tangent space in any characteristic. As a result, an open set U around [ in
the Hilbert scheme is a closed subscheme of a smooth 33-dimensional variety Y. By the
subadditivity of codimension of intersections, as in | , Thm 17.24], it follows that every
component of W through I has codimension 1 in G.

To show integrality, fix a monomial ideal M, € Gy, and let Uy C Hg be the corresponding
open set, as in Section 2.2. For any I € Uy the initial ideal ing 111)(I) € Go N U, and
is generated by the (1,1, 1, 1)-leading forms of the given generating set of / and all cubics.
Thus we may define a projection morphism 7: Uy — Gy N U, which corresponds to taking
the (1,1, 1, 1)-initial ideal. Since Rg is integral, so is the image 7(Rg N U,) = Wy N Uy. Thus
Wy and Wy x A* = W are integral. O

5.2. A GLsinvariant of a system of three quadrics. In this section we study the
Pfaffian which appears in the statement of Theorem 1.3. Recall that any I € G defines a
3-dimensional subspace I3~ C S;.

Let Q1,Q2, Q3 be a basis of quadrics for I, let Ay, Ay, A3 be the symmetric 4 x 4 matrices
which represent the Q; via §* A;¥ = Q; where 7 is the vector of formal variables (y1, y2, Y3, y4)-

Definition 5.5. The Salmon-Turnbull Pfaffian is the Pfaffian (i.e. the square root of the
determinant) of the following skew-symmetric 12 x 12 matriz:

0 A Ay
M[ - —Al O Ag
Ay —As O

Lemma 5.6. The Salmon-Turnbull Pfaffian of My coincides up to scaling with the Pfaffian
of the following skew-symmetric bilinear form:

()1t (81 ® 82/1)** — )\ Sa/ I = k

(i @ q1,lo®q2)r = (l1le) ANu N @2
18



In particular, the vanishing of the Salmon-Turnbull Pfaffian is independent of the choice of
basis of I and invariant under the G Ly action induced by linear change of coordinates on

S.

Proof. Let mq,my, mg be any basis of Sy/I, and let xq,x9, 23,24 be a basis for S;. Let
A; be the matrix representation with respect to this basis of the symmetric bilinear form
obtained by composing multiplication S; ® S; — S3/Is with projection onto m;. Note that
if mq, ms, m3 form a basis dual to %Ql, %Qg, %Qg then this definition of A; agrees with the
the definition of A; above. Thus, z;z; = ) .(A;);sm; where (A4;);; is the (4, 7') entry of A;.
Then we will use the basis 1 ® ms, zo ® ms, ..., x4 ® my for S; ® Sy/I,. We compute the
matrix representation of (,); in this basis:

(x; @My, x5 @my)r = (z;x5) Amy A my
= ( Z (Ag)jjfrru) A m; Am,
1<6<3

If © = ¢/, this quantity will be zero. Otherwise, let i” be the index which is not ¢ or 7 and
then we get

= (Ai//)jj/mi// ANm; N\ my = :E(Ai//)jj/ml N Mo N\ Mg

where =+ is the sign of the permutation which sends 1,2, 3 to ¢, 7,4 respectively. Thus, with
my A mg A ms as the basis for /\3 Sa /15, (, )5 is represented as:

0 A —A,
-Ay 0 As O
Ay —A; 0

Since the vanishing of the Salmon-Turnbull Pfaffian depends only on the vector subspace
Iy C 83, it defines a function P on Gy which is homogeneous of degree 2 in the Pliicker
coordinates. We next show that the Salmon-Turnbull Pfaffian is irreducible and that, over
the complex numbers, it is uniquely determined by its degree and G Ly-invariance.

Lemma 5.7. There are no polynomials of degree 1 in the Plicker coordinates of Go whose
vanishing locus is invariant under the action of the algebraic group GLy. Therefore, the
Salmon-Turnbull Pfaffian is irreducible.

Proof. We may prove this lemma by passing to the algebraic closure, and we thus assume
that k is algebraically closed. Let W = /\3 S5 and consider the Pliicker embedding of
Gr(3,55) in P(W) = Proj(R) where R is the polynomial ring k[p;;] where {i, j, ¢} runs over
all unordered triplets of monomials in S;. The Pliicker coordinate ring A is the quotient
of R by a homogeneous ideal J. In each degree e, we obtain a split exact sequence of
G Ls-representations:

0— J,— Sym, (W) — A, — 0

Since J; = 0 we have Sym, (W) = A, and it suffices to show that this has no 1-dimensional
subrepresentations. Given a monomial i € S let o; € N* be its multi-index. For § =
(01,...,04), let L be the diagonal matrix with L,,,, = 6,,. The action of L on the Pliicker
coordinate p;je is to scale it by 9iteitae,
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Suppose that there exists an invariant polynomial F' = ) ¢;pije in Sym, (). Then
L-F = \F for some X € k*. But since L - F = ) ¢;;,0% "% T%p,;, it follows that whenever
cije and ¢y jrp are both nonzero, then o; +a;+ay = oy +a +ap. However there are no multi-
indices of total degree 6 which are also symmetric in 6y, 05, 05, 604. Thus each ¢;;, = 0 and there
are no nontrivial G Ls-invariant polynomials of degree 1. In particular no product of linear
polynomials is GG Ls-invariant, and thus the Salmon-Turnbull Pfaffian is irreducible. 0

Lemma 5.8. If k = C, then there is a polynomial of degree 2 in the Pliicker coordinates,
unique up to scaling, whose vanishing locus is G Ly-invariant. This is the Salmon-Turnbull

Pfaffian.

Proof. We take the same notation as in the proof of Lemma 5.7 and recall that we have a
split exact sequence of G L4(C)-representations:

0— Jy — Symy(W) - Ay — 0

We determine the irreducible subrepresentations of Sym, (W) by computing the following
Schur function decomposition of its character y:

X = 8(8,22) T S(7a1) T 28(7,31,1) + S7,2,1,1) + S6.6) T 356,4,2) T S6,4,1,1)1
28(6,4,1,1) T 256,3.2,1) T S6,22,2) T 285,511 T $(54,3) T $(54,2,1) T 85,3,3,1) + Sa44)+

S(43.0) 12514422 +53333)
We conclude that Sym, (W) contains a unique 1-dimensional subrepresentation with charac-

ter s(33,3,3). 1t follows from this and Lemma 5.6 that, over C, the Salmon-Turnbull Pfaffian
is the only G'L4-invariant of degree 2 in the Pliicker coordinates. 0

Remark 5.9. Salmon gives a geometric description of the Salmon-Turnbull Pfaffian | ,
pp.242-244], where he shows that the Pfaffian vanishes whenever there exists a cubic form C
and three linear differential operators d;, do, d3 such that d;C' = @);. Turnbull also describes
this invariant in his study of ternary quadrics | ].

5.3. A first approximation to the intersection locus. Any point I in W} is a singular
point in the Hilbert scheme. In Lemma 5.11, we construct an equation that cuts out the
singular locus over an open set of Gy. The local equation defines a nonreduced divisor whose
support contains Wj. The following subsets of Gy will be used in this section:

0 :={I € Gy | the ideal I is generated in degree 2}
Zl = GO \ G6
Zy:={I € Go | Hom(I,S/I)_5 # 0}

Note that Gj, is open in G and that every ideal in G is generated by seven quadrics. The
set Z5 will be used in Lemma 5.16. If I is any ideal in Gy, the tangent space Homg(I, S/I)
is graded. The following lemma shows that if we want to determine whether I is a singular
point in the Hilbert scheme, then it suffices to compute only the degree —1 component of
the tangent space.

Lemma 5.10. For any I € G}, we have dimy Homg(I,S/I)_y > 4, and I is singular in Hj
if and only if dimy Homg(I,S/I)_1 > 5.
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Proof. Since S/I is concentrated in degrees 0, 1 and 2, and I € G{, is minimally generated only
in degree 2, we have that Homg(7,S/I) is concentrated in degrees 0, —1, —2. Furthermore,
since I € G{ we have that dimy Homg (I, S/I)y = 21, because any k-linear map Iy — (S/1)y

will be S-linear. Next, note that the morphisms ¢;: I, — (S/I); mapping ¢, to the class of
aq]'
dzi

Since the dimension of Gj, is 25, we see that [ is singular if dimy Homg(7,S/I)_; > 4.

Conversely, assume for contradiction that there exists an [ such that [ is singular and
dimension of Homg (7, S/I)_; is exactly 4. Since I is singular, we have that Homg(/, S/I)_
is nontrivial. Let ¢ € Homg(7,S/I)_5 be a nonzero map. By changing the generators of
I we may assume that ¢(g;) = 0 for i« = 1,...,6 and ¢(q;) = 1. Now the vector space
(10, X2, 30, T4¢) is a 4-dimensional subspace of Hom(7,S/I)_;. Since we have assumed
that dimy Hom(7,S/I)_; = 4 it must be the case that the space (10, 220, 230, £4¢) equals
the space (tq,...,ts). However, this would imply that all partial derivatives of ¢; are zero,
which is impossible. 0J

are S-linear morphisms, and thus we have Homg(/, S/I)_ is at least 4-dimensional.

Now we will investigate those ideals which have extra tangent vectors in degree —1. If
¢: Iy — (S/I); is a k-linear map then ¢ will be S-linear if and only if ¢ satisfies the syzygies
of I modulo I. In other words, ¢ should belong to the kernel of:

Homy (1o, (S/I)1) — Homy(Syz(1), (S/1))
¢ — (a’ — m)

Since I contains m? and is generated by quadrics, it suffices to consider linear syzygies o and
we have an exact sequence:

0 — Homg(1,S/I)_y — Homy (15, (S/1)1) 2, Homy, (Syz(1)1, (S/1)2)

where Syz(I); is the vector space of linear syzygies. We see that the t; from the previous
lemma span a 4-dimensional subspace T of the kernel of v). We obtain

Homy, (1, S/I)_/T — Homy(Syz(I)1, (S/1)s)

and I € G will be a singular point if and only if ker(y)) # 0. Since I is generated by
quadrics, it follows that Syz(I), has dimension 4 -7 — 20 = 8. Therefore 1) is a map between
24-dimensional spaces. Thus det(v)) vanishes if and only if I € G} is a singular point in Hg.

The global version of this determinant will give a divisor whose support contains ;. On
G}, we have the Ogy-algebra § := Og; [1, T2, T3, 4], which is graded in the standard way,
S = ®;5;. We have a graded universal ideal sheaf Z = ®Z;, and a universal sheaf of graded
algebras S/ = @;S5;/Z;. For all i the sheaves S; , Z; and S;/Z; are coherent locally free
Og;-modules.

Let p: 7o ® 8§ — Z3 be the multiplication map. Surjectivity of this map follows from the
definition of Gf,. We define K; to be the kernel of this map, so that we have the following
exact sequence:

(51) 0—>’C1—>IQ®Sli>Ig_>O
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In other words, Ky is the sheaf of linear syzygies. Let U be an open subset of Gf, such that
Ts|v is free. Denote generators of Zy(U) by ¢, ..., q; and thus we have the following

Ki(U) = {(ZQi®li> | s ESl(U)vZQili:OGI:}}

To simplify notation in the following lemma we write Hom to denote Homo,, .
0

Lemma 5.11. The following statements hold:
(1) On Gy there is a morphism of locally free sheaves of ranks 28 and 24 respectively:

h: Hom(IQ,Sl) — HOWl(’Cl,SQ/Ig)

such that for any I € G}, we have ker(h ® k(1)) = Hom(Z,S/I)_;.
(2) There is a locally free subsheaf of rank four T C ker(h) inducing a morphism:

h: Hom(Zy,S1)/T — Hom (K, S/ T)
such that ker(h ® k(I)) # 0 if and only if dimy, Hom(I, S/I)_; > 5.

Proof. (1) We have a map of locally free Og,-modules: Ky — Z, ® S;. This induces the map
Ki®S — L. Applying Hom(—,S;) to both sides we get:

HOm(IQ, 81) — HOTTL(]Cl X Sl, 81) = HOW(ICl, 81 X 81)

For the isomorphism above, we are using identities about Hom, tensor product of sheaves,
and sheaf duality from | , p- 123]. The sequence §; ® §; — Sy — Sy/Z; gives a map
from Hom(K1,S81 ® 1) — Hom (K, S2/Z5). By composition we obtain the desired map h:

h: Hom(Zz, S1) — Hom(Ky, Sa/Zs)

Let us take a moment and consider h in concrete terms, since this will be used for proving
part (2) of the lemma. Let U C Gf be an open subset such that all relevant locally free
sheaves are in fact free. Let qq,. .., g7 be the generators of Zy(U) and let o, := ZZ:1 qi @ l;j
for 1 < j < 8 be the generators of K;(U). Finally, let ¢ € Hom(Z,, S;) be a map (¢; — m;).
Then h(¢) is the map

05— Z mzlz

where m;l; is the reduction of m;l; modulo Z,.

(2) Over any U where Z, is free, let ¢i,...,q7 the global generators. Then we de-
fine t;: ¢; — %qi, and we define tq,t3,t, similarly. This defines a locally free subsheaf
TWU) := (t1,...,ts) C Hom(Zy,S1) of rank 4. By the proof of Lemma 5.10, the injection
T — Hom(Z,,S;) remains exact under pullback to a point. It follows that the quotient
Hom(Zy, S1)/T is locally free of rank 24 | , Ex I11.5.8].

It remains to show that 7 C ker(h) and that ker(h ® k(I)) is nontrivial if and only if
dimy Hom(7, S/I), > 5. This is immediate from the discussion preceding this theorem. [

By the previous lemma, & is a map between locally free sheaves of rank 24, and thus det(h)
defines a divisor on Gf. To ensure that this is the restriction of a unique divisor on Gy, we
need to verify that Z; and Z, are not too large. For this, we construct the rational curve
7: P! — Gy defined for t # oo by:

2 2 2 92
(5.2) I = (x7, x5, T3, 3, T122, ToXg + L0324, T124 + tT324)
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Lemma 5.12. 7, U Z5 is a closed set of codimension at least 2 in Gj.

Proof. Zy is closed because it is the support of the cokernel of the multiplication map Z, ®
S1 — S;. The intersection Zs N G is the degeneracy locus of

HOm(IQ,So) — Hom(lCl,Sl) D Hom(ng,Sg/IQ)

which is the analogue of Lemma 5.11 (1) for computing Hom(/5, Sp). Thus Z; U Z5 is closed
in Go.

Because Pic(Gy) = Z and G is projective, checking that the 1-cycle 7 does not intersect
Z1UZy will show that Z; U Z; has codimension at least 2. By passing to the algebraic closure,
we can assume that & is algebraically closed. The group k* acts on A* by o (21, 29, 73, 74) =
(21, T2, axs3, axy), and taking a = t maps [; to I, for any t other than 0 or co. Thus, it
suffices to check that the following three ideals do not intersect Z; U Zs:

2 2 92 2
Iy = ($17$27$3a$4,$1$2,I2$3,$1I4)

2 9 2 9
I = (27, x5, x5, ], T1X9, Tok3 + T3Tg, T1T4 + T3T4)

2 2 .2 2
I = (9317%7 Ty, Ty, L1T2, T2T3 — 5311'4,353564)

It is obvious that these are generated in degree 2. A change of variables transforms I, to
the ideal J from Proposition 5.1, which is smooth, so Hom(1;, S/I;) o = 0 for t = 1, 00. One
can also check that Hom(/y, S/Iy)_2 = 0, which holds in all characteristics because [j is a
monomial ideal. Therefore, Z; U Z5 has codimension at least 2. 0]

Lemma 5.13. Let D be the divisor on Gy defined locally by det(ﬁ). Then Wy belongs to the
support of D.

Proof. The Hilbert scheme is singular on Wy, so WyNGy{, C V(det(h)). Since Wy is a divisor,
Lemma 5.12 tells us that W, intersects Gy, so the irreducibility of W, means that it is
contained in D. O

5.4. An equation for W,. In this section, except for the last paragraph, we restrict to the
case k = C in order to use the representation theory of GL4(C).

We will use the result of Lemma 5.13 to give an upper bound on the degree of Wy in terms
of Pliicker coordinates. This leads to a proof of Theorem 1.3 over C. The restriction to C
will be removed in the next section.

Let H be an effective divisor which generates Pic(Gy) = Z. First we compute the degree
of D in Pliicker coordinates, using the rational curve 7.

Lemma 5.14. The curve T has the following intersection multiplicities:
(1) 7-H = 1.
(2) 7-D = 16.

Proof. For the first statement, let p; and p, be the Pliicker coordinates corresponding to
the (22,23, 22, 23, 119, Tow3, x314)- and (z3, 23, 23, 22, 1179, ToT3, T174)-minors respectively.
Then L = V(p;) does not meet I; at infinity. For ¢ # oo, we see that ps(l;) # 0, so local
equations for L valid at all common points of L and 7 are given by L = £ Since this

3|

equation pulls back to ¢t on P! — oo the statement follows.
For the second statement, note from the proof of Lemma 5.12 that I, is a smooth point
and 7 does not intersect Z; or Zy. Therefore, it suffices to check the degree on the open

affine defined by t # oco.
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For every t # oo, I; has the following 8 linear syzygies (where ¢, ..., g7 are the generators
of I; in the order in Equation 5.2).

01 = ZT2q1 — X145 02 = Taq1 — T1q7 + tr3q7 — 2x4q3
03 = T1q2 — T2(5 04 = T3q2 — Tags + tT4qs — t2T3q4
05 = T2q3 — T3(s + tT4q3 06 = T1q4 — T4q7 + tT3q,

07 = T35 — T1q6 + tT3q7 — t2T4q3 | Og = XT4qs — Taqr + tT4qs — T3¢

The intersection number 7 - D equals the degree of 7*(det(h)), which we compute by writing
out 7*(h) as a matrix. Let ¢ € Hom(Z,S/I)_; be written as ¢(q;) = ;121 + ¢;2%2 + ¢ 323 +
¢;ax4 and recall that, if o; = Y. ¢; ® [;; then h(¢)(0;) = > ¢(q:)l;; where the bar indicates
that we are considering the image as an element of Sy/I,. The monomials x;x3, o4 and
x124 are a basis of Sy/1; for t # 0o, so we can explicitly express the h(¢)(o;) as follows

h(¢)(01) | —c5 32123 + 142224 + (—tC1g + tes.4) X324

h(¢) (0'2) (tC771 — C773)$1l‘3 + (CLQ - t263’2)$21’4+

(—tcl,l + C1,3 + t3C3’1 - t20373 — t20772 + 2tC7’4)ZE3JI4
h(¢)(o3) C2,3T1T3 — C54T2Ty + (—t02,4 + t0573)x3$4

h(})(04) | (21 — t2car)a123 + (tcoa — Co.4)TaTs+

(—tcan + coq +t3cyn — tPcsq — t2ceq + 2tc62) 324

h(¢) (05) —C6,1T1T3 + (th,z + C374)272.174 + (—t26371 + t6672 — 6674)333334
W) (06) | (tean + cag)zity — croaty + (—t7can +ter) — c73) 7324
h(¢) (0'7) (6571 — C673 -+ tC771)l'1]}3 — t263’2$2$4+

(t3csq — t2c33 — tes o + Coa + tega — t2ero + tera)T32y
h(¢) (08) _t2C4,1$11’3 + (C5,2 +lcgo — C7,4)$2I4+

(t3cyn — tPcan — tesy + c53 — 2o + teos + ters)T32s

Each row of the above lines yields three linear equations so 7*(h) is represented by a 24 x 28
matrix M as expected. Computation in Macaulay2 [(G5] shows that the ideal of 24 x 24
minors of M is (¢'%) and the statement follows. U

Corollary 5.15. The divisor D 1is linearly equivalent to 16H .
The following lemma allows us to determine the degree of Wj,.
Lemma 5.16. The divisor D vanishes with multiplicity at least 8 on Wj.

Proof. By Lemma 5.13, we know that |[Wy| C |D|. By Lemma 5.12, a general point of Wy
does not belong to Z; U Z,. Let I be any such point. Since I is a singular point in Rg, I has
tangent space dimension at least dim(Rg) + 1 = 33, and so the null space of h ® k(I) must
have dimension at least 8.

Choose 8 vectors from the null space as basis vectors, and any other 16 to complete a
basis of the source of h® k(I). This basis in the quotient ring lifts to a basis in the local ring

Ogy.1- When we represent the localization of the map (h); as a matrix with respect to this

basis we see that the first 8 columns belong to the maximal ideal m; of Ogy ;. Thus det(h)
belongs to m$, and in turn D has multiplicity at least 8 at I. U

Lemma 5.17. The ideal sheaf of D is (P®) where P is the Salmon-Turnbull Pfaffian.
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Proof. Since D is a divisor on G its defining ideal in the homogeneous coordinate ring of
the Pliicker embedding of G is generated by a single element f of degree 16 in the Pliicker
coordinates. If g is the square-free part of f then Lemma 5.16 shows that g has degree at
most 2. Since D is invariant under linear changes of variables, it follows from Lemmas 5.7

and 5.8 that g = P and f = P&, O

By combining Lemmas 5.4, 5.13, and 5.17 we have have now proven our descriptions of
Wy and W

Theorem 5.18. The subscheme Wy is defined by P.

For the rest of the section, we return to the case that k is a field, not necessarily alge-
braically closed, of characteristic not 2 or 3.

Recall that if M, is any monomial ideal in Gy then there are local coordinates ¢!, on
Uy,N Hg. Moreover there is a surjection 7: Rg NUy — WyNU,, and there is a rational map

¢: (AH)®)Ss --» Rg N U, given by ¢, = A**A’% whose image is dense in R N U,.

Lemma 5.19. With Uy as above, the function P o m vanishes identically on Rs N Uy over
an arbitrary field k.

Proof. The composition Porog is a rational function with integer coefficients. Theorem 5.18
proves that P o7 o¢ =0 in C[¢”][A}"]. Therefore, P oo ¢ =0 in Z[¢¥][ALY. O

Theorem 5.20. The following irreducible subsets of Gy coincide:
(1) W,
(2) V(P), the vanishing of the pullback to G of the Salmon-Turnbull Pfaffian.
(8) The homogeneous ideals with Hilbert function (1,4,3) which are flat limits of ideals
of distinct points.
As a consequence, if we let w|q: G — Gy be the restriction of the projection from Lemma 5.4

then W =V (Pom|q).

Proof. For other fields, note that for the ideal J of Proposition 5.1 with d = 4, we have that
Pon(J)= P(J)=1 and thus P o7 does not vanish uniformly on G in any characteristic.
By the previous lemma, P o 7 vanishes uniformly on Rj for any k. Thus W C V(P o 7|g).
As both W and V(P o 7|g) are integral closed subschemes of codimension 1 in G, they are
equal. [l

6. PROOFS OF MAIN RESULTS

In this section, k denotes a field of characteristic not 2 or 3. We have used our characteristic
assumption in order to apply the theory of duality in Sections 3 and 4 and to define the trace
map of Lemma 5.3.

Proof of Theorem 1.1. The irreducibility of H¢ when d is at most 3 or n is at most 7 follows
for an algebraically closed field from Theorem 4.20. For a non-algebraically closed field, the
Hilbert scheme is irreducible because it is irreducible after passing to the algebraic closure.
Proposition 3.1 and the same argument as in Lemma 5.3 show that when d is at least 4,
G? is irreducible and (8d — 7)-dimensional, and Proposition 5.1 shows that it is a separate
component. Theorem 4.20 shows that there are no other components, again, by passing to
the algebraic closure if necessary. 0
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Proof of Theorem 1.2. This follows from Theorem 3.9. O

Proof of Theorem 1.3. The statement that Rg N Gg is a prime divisor on G§ is proved in
Lemma 5.4. The equivalence of the set-theoretic description and the local equation descrip-
tion follows from Lemma 5.6. Theorem 5.20 proves that the Salmon-Turnbull Pfaffian is the
correct local equation. [l

Proof of Theorem 1./. Let M, be some monomial ideal and consider the monomial chart U,.
If M, does not have Hilbert function (1,4, 3) then Uy N G§ = @ so that the zero ideals will
cut out Ri. If My has Hilbert function (1,4, 3), then Lemma 5.19 and Theorem 5.20 show
that the zero set of the pullback of the Pfaffian is precisely Ra N U,. 0

7. OPEN QUESTIONS

The motivating goal behind this work is understanding the smoothable component of the
Hilbert scheme as explicitly as possible, and not just as the closure of a certain set. This can
be phrased more abstractly by asking what functor the smoothable component represents
or more concretely by describing those algebras which occur in the smoothable component.
In this paper we have done the latter for n at most 8. The following are natural further
questions to ask:

e For d greater than 4, which algebras with Hilbert function (1, d, 3) are smoothable?
Generically, such algebras are not smoothable. Computer experiments lead us to
conjecture that, for smoothable algebras, the analogue of the skew symmetric matrix
in Theorem 1.3 has rank at most 2d + 2. However, a dimension count shows that this
rank condition alone is not sufficient for such an algebra to be smoothable. What are
the other conditions?

e What is the smallest n such that H? is reducible? We have shown Hj is irreducible
and Tarrobino has shown that HZ; is reducible | , Example 3].

o Is H¢ ever non-reduced? What is the smallest example? Does it ever have generically
non-reduced components?
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