QUADRATIC POINTS ON INTERSECTIONS OF TWO QUADRICS
BRENDAN CREUTZ AND BIANCA VIRAY

ABSTRACT. We prove that a smooth complete intersection of two quadrics of dimension at
least 2 over a number field has index dividing 2, i.e., that it possesses a rational 0-cycle of
degree 2.

1. INTRODUCTION

The index of a variety over a field & is the greatest common divisor of the degrees [k(x) : k]
ranging over the residue fields k(x) of the (zero-dimensional) closed points x of the variety.
Equivalently, the index is the smallest positive degree of a k-rational 0-cycle.

Let X C P} be a smooth complete intersection of two quadrics over a field k of character-
istic not equal to 2. Then the index of X necessarily divides 4, because intersecting with a
plane yields a O-cycle of degree 4. In general, this is the best possible bound. Indeed, there
are examples with index 4 over local and global fields when n = 3 [LT58, Theorem 7] and
over fields of characteristic 0 when n = 4, as we show in Theorem 7.6.

Our main result is the following sharp bound on the index when n > 4 and £ is a number
field or a local field.

Theorem 1.1. Let X be a smooth complete intersection of two quadrics in Py with n > 4

and assume that k is either a number field or a local field of characteristic not equal to 2.
Then the index of X divides 2.

This result allows us to complete the list of integers which occur as the index of a del
Pezzo surface over a local field or a number field (See Section 7.4). It also allows us to deduce
nontrivial index bounds for other interesting classes of varieties. If C'/k is a genus 2 curve
over a number field with a rational Weierstrass point, then it follows from the result above
that any torsor of period 2 under the Jacobian of C' has index dividing 8 (see Theorem 7.7)
and the corresponding Kummer variety, which is an intersection of 3 quadrics in P?, has
index dividing 4. Again, these results do not hold over arbitrary fields (see Remark 7.8).

Theorems of Amer, Brumer and Springer [Ame76, Bru78,Spr56] show that, for X as above,
index 1 is equivalent to the existence of a k-rational point. Analogously one can ask if index
2 implies the existence of a closed point of degree 2. Colliot-Thélene has recently sketched
an argument that if X is a smooth complete intersections of two quadrics in P* over a field
of characteristic 0 and X has index 2, then X has a closed point of degree 14,6 or 2. In this
direction we prove the following.

Theorem 1.2. Let n > 4 and let X C P} be a smooth complete intersection of two quadrics
over a field k of characteristic not equal to 2. In any of the following cases there is a quadratic

extension K/k such that X (K) # 0:
(1) k is a local field;



(2) k is a number field and Schinzel’s hypothesis holds or k is a global field and Brauer-
Manin is the only obstruction to the Hasse principle for del Pezzo surfaces of degree
4 over quadratic extensions of k, and one of the following holds:
(a) n > 5;
(b) n = 4, and for any quadratic field extension L/k and rank 4 quadric @ C P}
such that X = Nyegar/ko(Q) and Normyp, (disc(Q)) € k*2, we have that Q
fails to have smooth local points at an even number of places of L.

When n = 4, there are exactly five rank 4 quadrics in the pencil of quadrics containing X,
so the second condition in case (2b) holds generically and can be easily checked. In particular,
it is satisfied whenever there is no pair of Galois conjugate rank 4 quadrics in the pencil or
if X has points everywhere locally. For further details of the cases not covered in case (2b)
see Remark 6.2 and Section 7.1. Even assuming standard conjectures, our theorem does
not rule out the possibility that there exists a smooth complete intersection of two quadrics
in P} over a global field k£ which does not possess a point over any quadratic extension.
Nevertheless, based on our results and extensive numerical computations we expect that the
following question has positive answer.

Question 1.3. Does every complete intersection of 2 quadrics X C P} over a number field
k possess a K-rational point for some quadratic extension K/k?

1.1. Obstructions to index 1 over local and global fields. Over local and global fields,
necessary and sufficient conditions for an intersection of two quadrics to have index 1 (equiv-
alently, to have a rational point) have been well studied. When £ is a local field and n <7
there are examples with X (k) = () (which necessarily have index greater than 1), while for
n > 8 and k a p-adic field, X (k) # 0 [Dem56]. For k a number field, recent work of Heath-
Brown [HB18], building on [CTSSD87a, CTSSD87b], shows that the Hasse principle holds
when n > 7. Hence for n > 8 the only obstruction to the existence of a rational point is at
the archimedean primes. Heath-Brown’s result gives positive evidence for the conjecture of
Colliot-Thélene, Sansuc and Swinnerton-Dyer that X satisfies the Hasse principle as soon
as n > 5 [CTSSD87h, §16].

When n = 4 (in which case X is a del Pezzo surface of degree 4), the Hasse principle
can fail [BSD75]. Colliot-Thélene and Sansuc have conjectured that this failure is always
explained by the Brauer-Manin obstruction [CTS80]. In fact, this conjecture for n = 4
implies the Hasse principle for n > 5. Some cases of the n = 4 conjecture have been proven
conditionally on Schinzel’s hypothesis and the finiteness of Tate-Shafarevich groups of elliptic
curves by Wittenberg [Wit07], thereby giving a conditional proof of the Hasse principle when
n > 5.

1.2. Outline of the proof of Theorems 1.1 and 1.2. Using an argument of Wittenberg
[Wit07] (which we review in Section 6.2), we can reduce to the case n = 4, when X is a del
Pezzo surface of degree 4. In Section 4 we prove that any del Pezzo surface of degree 4 over
a local field of characteristic not equal to 2 must have points over some quadratic extension,
which proves Theorem 1.2(1). Over a global field, this shows that after base change to a
suitable quadratic extension X becomes everywhere locally soluble. While it is also true that
the Brauer group of X becomes constant after a suitable quadratic extension, one cannot

deduce Theorem 1.2(2) directly from case (1) in this way because, in general, there is no
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quadratic extension K /k for which X is locally soluble and the Brauer group of X is
trivial modulo constant algebras (See Example 6.4).

To obtain our results when k is a global field we study the arithmetic of the symmetric
square of X, which is birational to the variety G parameterizing lines on the quadrics in
the pencil of quadrics in P} containing X (see Section 3 for more details). In Section 5, we
develop the main tools for studying the arithmetic of G over a global field. We determine
explicit central simple algberas over the function field of G representing the Brauer group of G
modulo constant algebras and then proceed to develop techniques to calculate the evaluation
maps of these central simple algebras at several types of local points.

These results are used in Section 6 to show further that there is always an adelic 0-cycle of
degree 1 on G orthogonal to the Brauer group and, under the hypothesis of (2b), that there
is an adelic point on G orthogonal to the Brauer group. This is perhaps surprising given
that (even assuming (2b)) the Brauer group of G can contain nonconstant algebras and in
general can obstruct weak approximation on G (see Corollary 6.3 and Example 6.4).

The variety of lines on a smooth quadric 3-fold is a Severi-Brauer 3-fold, so the arithmetic
of G is amenable to the fibration method, as first observed in [CTS82]. Results of [CTSD94]
show that, in the number field case, the vanishing of the Brauer-Manin obstruction on G
implies the existence of a 0-cycle of degree 1 on G and, conditionally on Schinzel’s hypothesis,
a k-rational point on G. This yields a 0-cycle of degree 2 on X and a quadratic point on X if
we assume Schinzel’s hypothesis. One can ask whether index(G) = 1 always implies that G
has a rational point (when k is a global field this is equivalent to Question 1.3). Our results
do not answer this question, but they do show that a stronger condition on O-cycles does
not hold. Namely, G can contain 0-cycles of degree 1 that are not rationally equivalent to a
rational point (See Remark 7.4(1)).

To deduce the results in case (2) of Theorem 1.2 assuming that Brauer-Manin is the
only obstruction to the Hasse principle for del Pezzo surfaces of degree 4 (without assuming
Schinzel), we make use of Proposition 2.6 below, which may be of interest in its own right.
It relates the Brauer-Manin obstruction on the symmetric square of a variety to the Brauer-
Manin obstruction over quadratic extensions. In a similar spirit, we answer a question posed
in [CTPO0] concerning Brauer-Manin obstructions over extensions (see Remarks 7.4(2)) and
give an example of a del Pezzo surface of degree 4 defined over Q which, for any finite
extension k/Q, has a Brauer-Manin obstruction to the existence of k-points if and only if &
is of odd degree over QQ (See Section 7.2).

Notation. For a field k& we use k to denote a separable closure and use Gy, := Gal(k/k) to
denote the absolute Galois group of k. For k-schemes Y — Spec(k) and S — Spec(k) we
define Yy := Y Xgpeory S and Y =Y Xgpeer Spec(k). When S = Spec(A) is the spectrum of
a k-algebra A, we use the notation Y, := Yspec(a). A quadratic point on Y is a morphism of
k-schemes Spec(K) — Y, where K is an étale k-algebra of degree 2. In particular, K = k xk
is allowed in which case Zx ~ Z x Z for any k-subscheme Z C Y.

The Brauer group of a scheme Y is the étale cohomology group Br(Y) := HZ (Y, G,,); when
Y = Spec(R) is the spectrum of a ring R we define Br(R) := Br(Spec R). If sy : Y — Spec(k)
is a k-scheme, then Bro(Y') C Br(Y') is the image of the pullback map s} : Br(k) — Br(Y).
An element § € Br(Y) may be evaluated at a k-point y : Spec(k) — Y by pulling back

along y to obtain S(y) := y*f € Br(k). For a finite locally free morphism of schemes Y — Z
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we use Cory/z: Br(Y) — Br(Z) to denote the corestriction map. When Y = Spec(A) and
Z = Spec(B) are affine schemes this is also denoted by Cory,p: Br(A) — Br(B).

If YV is an integral k-scheme, k(Y) denotes its function field. More generally, if YV is a
finite union of integral k-schemes Y;, then k(Y') := J[k(Y;) is the ring of global sections
of the sheaf of total quotient rings. In particular, if a finite dimensional étale k-algebra A
decomposes as a product A ~ []k; of finite field extensions of &, then k(Y4) ~ [T k(Y%,),
and Coriy,)/k(v) = 22 CoTwyy ) /k(r)-

A variety over k is a separated scheme of finite type over k. A variety is called nice if
it is smooth, projective and geometrically integral and is called split if it contains an open
subscheme that is geometrically integral.

For a global field k, we use ) to denote the set of primes of k. For a prime v € €} we
use k, to denote the corresponding completion and for a k-scheme Y we set Y, := Y, . We
use Ay to denote the adele ring of k. For a subgroup B C Br(Y), Y (A;)? C Y(A;) denotes
the set of adelic points orthogonal to B, i.e.,

V(AP ={(n) €Y(Ar) : VBEB, Y inv,(B(y,) =0}

vEQ

We define Y (A;)B" := V(A,)B®).

If @ is a quadratic form on a vector space V over a field F' then (by definition) the mapping
Bg : V xV — F given by Bg(z,y) = Q(x +y) — Q(x) — Q(y) is bilinear. We say that
@ is regular if the set {x € V ; Yy € Bg(z,y) = 0 and Q(x) = 0} contains only the zero
vector in V. (If the characteristic of F' is not 2, then the condition Q(z) = 0 is superfluous.)
Then @ is regular if and only if the quadric @ in P(V') defined by the vanishing of @ is
regular (see [EKMOS8, Proposition 22.1]). We define the rank r(Q) of @ to be the largest
integer m such that there is a subspace W C V' of dimension m such that the restriction of
Q to W is geometrically regular, i.e., such that the intersection of Q with the linear space
corresponding to W is smooth. The rank of a quadric in P" is defined to be the rank of any
quadratic form defining it.
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2. BRAUER-MANIN OBSTRUCTIONS OVER EXTENSIONS

In this section, we prove some general results relating the Brauer-Manin obstruction on a
nice variety Y to the Brauer-Manin obstruction over an extension. Moreover, for quadratic
extensions, we relate the Brauer-Manin obstruction on (a desingularization of) the symmetric
square to the Brauer-Manin obstruction over quadratic extensions.

Lemma 2.1. Let Y/k be a nice variety over a global field k, let K/k be a finite extension,
and let B be a subset of Br(Yx). Then Y (Ay)°xxB) C Y(Ag)B. In particular,

(1) if Y (AR)B # 0, then Y (Ag)B # 0, and

(2) for any d | [K : K], Y (Ay) C Yic (Ag)Resscn B

Proof. By [CTS21, Prop. 3.8.1], for any o € Br(Yx) and for any local point P, € Y (k,), w
have (Cory, v ())(P,) = Corg, /i, ((Py)), where K, = K ®y, k,. Thus, for (P,) € Y( k)

Z inv, (CorYK/y(a)(Pv)) = Z inv, (CorKv/kﬂ Z Z inv, (a(P,))

vEQ vEQ vEQE wEQ K ,w|v

(where the last equality follows from the equality of maps inv,, = inv, o Corg, s, for any
place w|v), and so Y (Ag)“"x/+®) C Y(Ag)®. The general statement follows by considering
the intersection of Y (Ag)* for all « € B.

It remains to prove statements (1) and (2). The first follows from taking B = Br(Yk)
and observing that Y (Ag)P) C V(Ay)x#xEB ) and the second follows from taking
B = Resg/, Br(Y)[d] and using that Corg/ o Resg/, = [K : . O

Remark 2.2. Yang Cao has given an alternative proof of Lemma 2.1(1) which also yields a
similar statement for the étale-Brauer obstruction. This will appear in forthcoming work of
Yang Cao and Yongqi Liang.

Lemma 2.3. Let Y be a nice variety over a global field k. Assume:

(1) Pic(_?) is finitely generated and torsion free,

(2) Br(Y) is finite, and

(3) Br(Y) — Br(Y)% is surjective.
Then there is a finite Galois extension ki /k such that for all extensions K /k linearly disjoint
from ki the map Resk ), Br(Y)/Bro(Y) — Br(Yx)/ Bro(Yx) is surjective.

Proof. Assumption (1) implies that H'(k, Pic(Y)) ~ H'(ko/k,Pic(Y)) for some finite Ga-
lois extension ko/k. By assumption (2) there is a finite Galois extension k;/ky such that
Resg ), : Br(Yy,) — Br(Y) is surjective. Now suppose K/k is linearly disjoint from k;. In
particular, K is linearly disjoint from ko, so Resgx: Bri(Y)/Bro(Y) ~ H'(k,Pic(Y)) —
H' (K, Pic(Y)) ~ Br; (Yx)/ Bro(Yk) is an 1 isomorphism. So it will suffice to show that Br(Y)
and Br(Yx) have the same image in Br(Y). Since Br(Y;,) — Br(Y) is surjective, the image
of Br(Yy) — Br(Y) is contained in Br(Y)%s N Br(Y )%, which is equal to Br(Y)%, since
k1 and K are linearly disjoint. Thus, by assumption (3), Br(Y’) and Br(Yy) have the same
image in Br(Y). O

From Lemmas 2.1(2) and 2.3, we can immediately deduce the following corollary.
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Corollary 2.4. If Y is locally soluble and Br(Y)/Bro(Y) is generated by the image of
Br(Y)[d], then for any estension K/k of degree d, Yi(Ag)RexnB ) L ¢ Moreover, if
Y satisfies the conditions of Lemma 2.3, then there is a finite extension ki/k such that for
any degree d extension K/k which is linearly disjoint from ki we have Y (Ag)B* #0. O

Remark 2.5. If Y is a locally soluble del Pezzo surface of degree 4 the corollary applies
with d = 2. This gives a proof of the n = 4 case of Theorem 1.2(2) under the additional
hypothesis of local solubility. Note that local solubility is used here in two distinct ways.
First it ensures that Br(Y")/Bro(Y) is generated by the image of Br(Y')[2] (which is not the
case in general even though Br(Y')/ Bro(Y) is 2-torsion). Second, it implies that the canonical
maps Br(k) — Brg(Y') are isomorphisms, locally and globally. This is used implicitly in the
proof of Lemma 2.1. In general, Br(k) — Bro(Y') need not be injective (see Lemma 5.8 for a
description of the kernel when Y is a del Pezzo surface of degree 4) and so Resg . does not
necessarily annihilate [K : k]-torsion elements of Brg(Y'). Consequently, the exact sequence

0 — Br(k) — @ Br(k,) — Q/Z — 0
of global class field theory has no analogue for Bry(Y).

The following proposition relates the Brauer-Manin obstruction over quadratic extensions
to the Brauer-Manin obstruction on the symmetric square. Note that while the symmetric

square is singular if Y has dimension at least 2, there exist smooth projective models over
any field, e.g., Hilb?(Y") [Che98, Theorem 3.0.1 and equation (0.2.1)].

Proposition 2.6. Let Y be a nice variety of dimension at least 2 over a field k and let Y®
be a smooth projective model of the symmetric square of Y over k.
(1) There is an injective map
Br(Y) o Br(Y®)
Bry(Y) Bro(Y®)’

Corory:

where the map 7% : Br(Y) — Br(Y?) is induced by projection onto the first factor and
the map Cor: Br(Y?) — Br(Y?) is the corestriction map corresponding to the field
extension k(Y ?) = k(Sym*(Y)) — k(Y?) induced by the canonical rational map
Y2 - Sym*(Y).

(2) Let o € Br(Y) and 8 = Coror}(a) € Br(Y®). For any y € Y that corresponds to
a quadratic point §: Spec(K) — Y for some étale k(y)-algebra K of degree 2 over
k(y), we have B(y) = Corg i(y) (a(7))-

(3) Suppose k is a global field of characteristic not equal to 2 and let B C Br(Y ®)/Bro(Y®)
denote the image of the map in (1). If there exists a quadratic extension K/k such
that Yic(Ag )BT %) £ 0, then Y2 (Ay)P #£ 0.

(4) Suppose k is a global field of characteristic not equal to 2. Let B C Br(Y®)/Bro(Y®)
denote the image of the map in (1). Suppose that Y P (A,)P # () and that Y satisfies
the hypotheses of Lemma 2.3. Then there exists a finite set S C )y, degree 2 étale
k,-algebras K, /k, for v € S and a finite extension ki /k such that for any quadratic
extension K/k that is linearly disjoint from ki and such that K @ k, ~ K, forv € S
we have Yi (Ag)B" #£ 0. In particular, there are infinitely many quadratic extensions

K/k such that Yi(Ag )BT # 0.
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Proof. (1): Let U C Y? be the complement of the diagonal in Y?2. The restriction of
f: Y% =5 Sym*(Y) to U gives a dominant morphism f: U — Sym?(Y) whose image is the
regular locus Sym?*(Y),e, of Sym*(Y). Since k(Y?) = k(U) is Galois over k(Sym*(Y),eq)
with Galois group generated by the involution ¢ interchanging the factors of ¥ x Y, by
[GS06, Chapter 3, Exercise 3], the composition

ReSy7/ sym?(v)reg © COTUr/ Sym? (1) 1oy ° Br(k(U)) — Br (k(SymZ(Y)reg))

is given by = +— x 4 o(x). We may then deduce that the same formula holds for the com-
position Resy/ sym2(vy,., © COTy/sym? (v)e, © Br(U) — Br(Sym*(Y),ez) by evaluating at generic
points.

Note that Y2 — U is isomorphic to Y, and so has codimension dim(Y) > 2 in Y2
Therefore, Br(Y?) = Br(U) as subgroups of Br(k(Y?)). Similarly, we obtain Br(Y®)) =
Br(Sym*(Y)ez). So, we have a map Coron}: Br(Y) — Br(Y®) which, when composed
with Res: Br(Y®) = Br(Sym*(Y),) — Br(U) = Br(Y?) is equal to the diagonal map
Br(Y) — Br(Y) @ Br(Y) — Br(Y?) sending « to mja + o(mja) = wfa + mia. The kernel of
this is equal to Bry(Y')[2], so Res o Cor on} and, consequently, Cor or} induce injective maps
on Br(Y)/Bry(Y).

(2): The points y and g fit into a commutative diagram displayed on the left below. This
induces the diagram displayed on the right. Commutativity of the later gives the result.

*

Spec(k(y)) —— Y@ Br(k(y)) +—— Br(Y®)

] co] o

Y y) ——Y xY = Br(f~!(y)) +— Br(Y xY)

b | I

Spec(K) —X—Y Br(K) e Br(Y)

(3): Suppose that K/k is a quadratic extension, (7, )weq, € Yrx(Ax)P" # 0 and that
3 = Cor(rta) € Br(Y?) represents a class in B that is the image of o € Br(Y’). For v €
that split in K, let v, € Y®(k,) be the point corresponding to the pair {z,, : w | v}. For
v € QO with a unique w € Qg dividing v, let y, € Y?(k,) be the point corresponding to .,
and its K, /k,-conjugate. Note that in each case we may perturb the z,, if needed to ensure
we are considering y, corresponding to a distinct pair of points on Y. This determines an
adelic point y = (y,) € Y@ (A,). For any v € Q, (2) gives B(y,) = >y COTE /1, (@)
and consequently, inv,(B(ys)) = 3_,,, nvw(a(zw)). Since (zw)weay, € Yi (Ag)B" # 0 we see
that y € Y@ (A,)P # 0.

(4): Suppose (Yy)vea, € Y@ (Ag)B # 0. Perturbing y, if needed we may assume that y,
lies in Sym?(Y),eq and hence corresponds to a quadratic point ,: Spec(K,,) — Y, where
K, is an étale k,-algebra of degree 2. Moreover, by (2) if « € Br(Y') and g = Cor(7}(«)),
then B(yv) = Coer/kv (a(gv)) By assumption Zyer v, ﬁ(yv) = 0, so (@u)ver is an
effective adelic O-cycle of degree 2 on Y which is orthogonal to the Brauer group of Y.
Under the additional hypotheses of (4), Br(Y)/Bro(Y) is finite and, by Lemma 2.3, there is
an extension k;/k such that for K/k linearly disjoint from ki, Resg/,: Br(Y) — Br(Yx) is
surjective. Moreover, for any set aq,...,a, € Br(Y) of representatives for Br(Y)/Bro(Y),

7



there is a finite set S C €2, such that for all t = 1,...,n and all v € S the evaluation maps
inv, oq;: Y(k,) — Q/Z are constant (see [CTS13, Lemma 1.2 & Theorem 3.1]). Let K/k be
a quadratic extension linearly disjoint from k; and such that K ® k, ~ K, for v € S. Then
any any adelic point (y)weq € Y (Ak) such that g, = Zw‘v Ty, for v € S will be orthogonal
to Br(Yx). By the Grunwald-Wang theorem the map k*/k*? — [], ¢k /k)? is surjective,
so such extensions K /k do in fact exist. U

3. PENCILS OF QUADRICS IN P* AND ASSOCIATED OBJECTS

Let Q C P* x P! be a pencil of quadrics over a field k of characteristic different from 2. It
will often be convenient to work with a bihomogeneous polynomial @) of degree (2,1) whose
vanishing defines Q. If the projection map Q — P! is generically smooth, then we may
naturally associate three objects. First, we may consider the base locus X = Xgo C P* of
the pencil of quadrics, i.e., Nyep1 Q;, where Q, C P* denotes the fiber over ¢t € P'. This is a
degree 4 projective surface. Second, we may consider the subscheme § C P! parameterizing
the singular quadrics in the pencil, which is given by the vanishing of det(Mg), where M
denotes the symmetric matrix corresponding to () considered as a quadratic form whose
coefficients are linear polynomials in the homogeneous coordinate ring of P*. Since Q — P!
is generically smooth, 8§ C P! is a degree 5 subscheme. Third, we may consider the fourfold
G = Go — P! that parametrizes lines on quadrics in the pencil; the generic fiber of G is a
Severi-Brauer variety with index dividing 4 and order dividing 2 [EKMO08, Ex. 85.4].

Each of these objects has been well-studied, and their conditions for smoothness are known
to be closely related.

Proposition 3.1. Let Q C P*x P! be a pencil of quadrics. Then the following are equivalent:

(1) The base locus X is smooth and purely of dimension 2, in which case X is a del Pezzo
surface of degree 4;

(2) The degree 5 subscheme 8§ C P! is reduced;

(8) For every s € 8, the fiber Qy is rank 4 and the vertex of Qs does not lie on any other
quadric in the pencil; and

(4) The fourfold G is smooth, the map G — P! is smooth away from 8, and above § the
fibers are geometrically reducible.

Proof. The equivalence of conditions (1), (2), and (3) is given by [Rei72, Prop. 2.1]. The
equivalence of (4) with any (equivalently all) of the others is given by [Rei72, Thm. 1.10]. O

Definition 3.2. A pencil of quadrics Q satisfies (1) if any of the above conditions hold.
Given a pencil Q satisfying (1), we define es € k(8)/k(8)*? to be the discriminant of a
smooth hyperplane section of Qg; note that the square class of the discriminant does not
depend on the choice of hyperplane, nor on the choice of a defining equation for QOs.

Given a pencil of quadrics satisfying (1), there are even stronger connections among these
three objects.

Proposition 3.3. Let Q be a pencil of quadrics satisfying (1). Let X = Xo,G = Gg, and
(S, 55) = (SQ, ESQ)-
(1) The variety G is birational to the symmetric square Sym*(X) of X. Hence, G(k) # ()

if and only if X(K) # 0 for some quadratic extension K/k.
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(2) The residues of the Brauer class [Gypr)) € Brk(P') are
es € k(8)*/k(8)** ~ H' (k(8),1Z/Z) C @ H'(k(t),Q/Z).

te(P)(@)

In particular, Normys) /i (es) € k*2.

(3) Given a pair (8',es) where 8' C P! is a reduced degree 5 subscheme and a class
es € k(8')*/k(8")*? of square norm, there exists a unique (up to isomorphism) pencil
of quadrics Q such that (8',es) = (8g,¢es,). Thus, for anyt € P' =8, [G,] € Br(k(t))
is determined by (8,¢s).

Remark 3.4. The second statement of Part (2) provides an alternate proof of a proposition
by Wittenberg [Wit07, Prop. 3.39].

Proof. (1): Consider a point (z,2') € X x X — A, where A denotes the diagonal image
of X, and let {;,,n be the line joining them. Since {y,,n N X contains the two points
x,2', the line f¢, .1 must lie on a quadric in the pencil containing X. If ¢,y is not
contained in X, then this quadric must be unique. Indeed, the line is contained in Q, for
t =t{an = [Bo(z,2') : —Buo(x,2")] € Pi(k), where By denotes the symmetric bilinear form
associated to ()s. This gives a dominant rational map

f; X xX --» Q, (J},ZE,) — (t{r,x’}7€{x,x’})7

that is generically of degree 2 and factors through the symmetric square of X. Thus, the
induced map Sym? X --» G is birational.

If G(k) # 0, then the Lang-Nishimura Theorem (see, e.g., [Pool7, Theorem 3.6.11]) (which
applies since G is smooth) implies that Sym?(X)(k) # () and, consequently, that there is a
quadratic point on X. In particular, there is a quadratic extension K/k with X(K) #
(). Conversely, if X(K) # () for some quadratic extension K /k, then X (K) is infinite by
[SS91, Theorem (0.1)]. The line through any Galois stable pair of distinct points gives a
k-rational point on G.

(2): Let t € P'. By [Rei72, Thms. 1.2 and 1.8], the fiber G; is smooth and geometrically
irreducible exactly when Q, has rank 5. Thus, for all ¢t € P! — 8, the class [gk(pl)] has trivial
residue at ¢. By Proposition 3.1 and assumption (1), if ¢ € §, then Q, has rank 4. If Q,
is rank 4 and has square discriminant, then by [Rei72, Thm. 1.8] the fiber G, is reducible
and split over k(t). If Q; is rank 4 and has nonsquare discriminant, then the same result of
Reid says that G, is irreducible and non-split over k(t), but becomes split over the quadratic
discriminant extension. Thus, the residue of [Gyp1)] at t is the discriminant of Q,. By
definition of eg, this gives the first statement. The second statement now follows from the
Faddeev exact sequence for Brk(P') (see [GS06, Thm 6.4.5] or (5.4)).

(3): The first statement is a theorem of Flynn [Fly09] which was expanded upon by
Skorobogatov [Skol0]. The second statement follows from the first together with the Faddeev
exact sequence for Br(k(P')) (see [GS06, Thm 6.4.5] or (5.4)). O

3.1. Notation. Throughout the paper, we will consider only pencils of quadrics that satisfy
(1) and we will move freely between the objects @, X = Xo,G = Gg, and (8,¢5) = (Sg, €s,)-
We will assume that 8§ C A! = P! — co. This can be arranged by an automorphism of P,
provided k has at least 5 elements. We will write k[T for the coordinate ring of A and let

f(T) be the unique monic polynomial whose vanishing defines 8.
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Let Qa1 € k(T)[xo, ..., x4] be a quadratic form whose coefficients are linear polynomials
in k[T] and whose vanishing defines Q41 on A C P!. While Q4 is only defined up to
multiplication by an element of £*, none of our results depend on this choice. For a (possibly
reducible) subscheme T C A! = Spec(k[T]), the canonical map k[T] — k(T) can be applied
to the coefficients of Q41 to obtain a quadratic form Q5 over the k-algebra k(7T) whose
vanishing defines Qy = Q xp1 T. In particular, for a € k = A'(k), the form Q, is obtained
by evaluating the coefficients of Q41 at a. We define Q. = Q1—Qo, so that Qx1 = Qo+71TQ .

We will write 0 for the image of 7" in k(8) = k[T]/(f(T)). For a subscheme T C § we

use eg € li{(%)XXQ - lf((ss)):g to denote the discriminant corresponding to Q. We will use N to

denote any map induced in an obvious way by the norm map Normys)/x: k(8) — k. Note
that Normkm/k (87) = NOI'IIlk(S)/k (87) = N(&{]‘).

4. QUADRATIC POINTS ON DEL PEZZO SURFACES OF DEGREE 4 OVER LOCAL FIELDS
In this section we prove the following theorem.

Theorem 4.1. Let X/k be a del Pezzo surface of degree 4 over a local field of characteristic
not equal to 2. There is a quadratic extension K/k such that X (K) # ().

Applying Proposition 3.3(1) yields the following.

Corollary 4.2. Assume k is a local field of characteristic not equal to 2. For any pencil of
quadric threefolds Q — P* satisfying (1), Go(k) # 0. O

The proof of Theorem 4.1 will require the following lemma.

Lemma 4.3. Suppose Q) angl Q are quadmNtic forms of rank r(Q) and r(@), respectivelNy,
over a field F'. Then r(Q L Q) = r(Q) +1(Q) except when char(F) =2 and r(Q) and r(Q)
are both odd, in which case r(Q L Q) =r(Q)+r(Q) — 1.

Proof. For char(F) # 2 see [EKMO08, Lemma 7.20]. For char(F) = 2 this follows from
[EKXMO8, Corollary 7.31 and Lemma 7.21] and the fact that an orthogonal direct sum of
rank 1 forms has rank 1 (cf. [EKMO8, Remark 7.24]). O

Proof of Theorem 4.1. If k is archimedean, then [k : k] < 2 so the result is immediate.
Henceforth we assume that k is nonarchimedean, and we write O for the valuation ring of
k and T for the residue field of k. By [Tial7, Theorem 2.7], there is a linear change of
coordinates on P} such that the integral model X C Pg of X is semistable. In particular,
by [Tial7, Lemma 2.22(4)], the special fiber of X is reduced.

If the special fiber is split, i.e., it contains an open subscheme that is geometrically integral,
then the special fiber has a smooth F'-point for a sufficiently large extension F'/F of odd
degree. Thus, by Hensel’s Lemma, X has a k’-point for £'/k an unramified extension of odd
degree, which by the theorems of Amer, Brumer and Springer [Ame76, Bru78, Spr56] show
that X (k) # (). More generally, the same argument shows that X (k) # () if the special fiber
is split over an odd degree extension F’/F.

Now assume that the special fiber is not split over any odd degree extension. Since an
intersection of 2 quadrics has at most 4 irreducible components the Galois action on the
geometrically irreducible components must factor through a group of order 2 or 4. If the

Galois action factors through a group of order 2, then over a sufficiently large extension F'/IF
10



of degree congruent to 2 modulo 4, there will be a smooth F'/F point. Arguing as in the
previous case, we obtain a point on X over the unique unramified quadratic extension k’/k.

It remains to consider the case when the special fiber has four geometrically irreducible
components, i.e., when it is geometrically the union of four planes, permuted cyclically by
the absolute Galois group of F. By Lemma 4.4 below, then the special fiber is a cone over
an intersection of quadrics in P? or is geometrically isomorphic to V(zgzy, zo13).

Let us first assume that the special fiber is geometrically isomorphic to V(zoz1, zo23).
Another way to characterize this configuration of four planes is that the intersection of
quadrics is a cone over an intersection of quadrics in P?, and that the pencil of quadrics in
IP3 contains exactly two degenerate quadrics, each of which have rank 2. Since the planes are
cyclically permuted by Galois, the two rank 2 quadrics in the pencil must also be permuted by
Galois. In particular, any F-rational member of the pencil has rank 4. This characterization
implies that over O, X must be given by equations of the form

Q(zo, x1, T2, x3) + 7 x4l(20, 1, T2, x3), and Q(x(b Ty, T2, T3) + Wmfi + 7Tn964z(950, T, T2, T3),

for positive integers r, m, n and any choice of uniformizer 7. Since we have assumed that X is
semistable (see [Tial7, Section 2]), the stability condition for the weight vector (1,1,1,1,0)
implies that m = 1.

Consider a ramified quadratic extension k’/k and let @ is a uniformizer of £’. Over k' we
may absorb a w into x4 and obtain the model X'/O’ (where O’ is the valuation ring of £'):

Q(zo, ..., x3) +u" @ twgl(xg, ..., 23), and Q(xo, o, T3) +ux? + u”wQ"_1x4Z(xo, cee,T3),

where u is the unit such that uw? = 7. Since Q, Q are rank 4 modulo w, Lemma 4.3 gives
that Q + u2? is rank 5 modulo @, and every geometric member of the pencil modulo w
must have rank at least 3. Thus, by [HB18, Lemma 3.2], the special fiber of X’ is split, so,
by the same argument above, X' has a k’-point.

Now assume that the special fiber is a cone over a reduced intersection of quadrics in P2,
Then, up to a change of variables, X must be given by quadratic forms of the form

g(xo, x1, ) + 7" h(3, 14) + T 23l5(T0, 1, T2) + 7rb:134€4(w0, Ty, Tg), and
G(zo, x1,22) + Wmi]’('r37 xy) + 7TC$3Z3($0, Ty, Te) + 7Td374z1(1707 T1,T2),

where a, b, c,d, m, and m are positive integers. Since X is semistable for the weight vector
(1,1,1,0,0), m and m must be equal to 1. Furthermore, since X is semistable for the weight
vector (1,1,1,1,0), h and h must be relatively prime.

Over a ramified quadratic extension k’/k with uniformizer w, we may absorb a w into 3
and x4 and obtain the model X'/O given by

9(x0, 21, T2) + uh(xs, 14) + u'w®* asls(zo, 11, 72) + ubw2b’1x4€4(az‘0, x1,Tg), and

G(zo, z1,22) + Uil(x?n Ty) + Ucw%_l%:szzs(ﬁo, Ty, To) + UdWQd_lMZ;(xo, T1,T2),

where u is the unit such that uw?® = 7. Every member of the pencil modulo w is an

orthogonal direct sum of a linear combination of ¢ and g with a linear combination of A and
h. Since every linear combination of g and § has rank at least 2, Lemma 4.3 implies that
every geometric member of the pencil has rank at least 3 modulo w. Furthermore, if the
residue characteristic of £’ is different from 2 or if either A or h have rank 2, then Lemma 4.3

shows that there is some geometric member of the pencil that has rank at least 5 modulo
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w. In these cases [HB18, Lemma 3.2] shows that the special fiber of X’ is split, so X has a
k'-point, by our argument above. .

It remains to consider the case when k' has residue characteristic 2 and h and h are both
rank 1. After a change of coordinates, the special fiber of X' is defined by the vanishing of

g(x0, 21, T2) +uxsd, and  §(xo, 1, T2) + Ur]. (4.1)

Since the characteristic is 2, Lemma 4.3 shows that every quadric in this pencil modulo @
has rank exactly 3. By [HB18, Proof of Lemma 3.2], the special fiber of X’ does not contain
a quadric of codimension 2. Hence, if the special fiber of X’ is nonsplit, then it must be
the union of 4 planes. By Lemma 4.4, a pencil of quadrics whose base locus is a union of 4
planes must always contain a rank 2 quadric. Since the defining pencil (4.1) of X’ modulo
w does not contain any rank 2 quadrics, the special fiber of X’ must be split, and hence

X(K) #0. 0

Lemma 4.4. Let X C P* be a complete intersection of quadrics over an algebraically closed
field. If X is the union of 4 distinct planes with a Z/4Z-action inducing a transitive action
on the irreducible components of X, then, up to an automorphism of P*, X is either a cone
over a reduced intersection of quadrics in P? or X =V (zoxy, m073) C PL.

Proof. Let Py, Py, P3, Py be the four components of X. First let us consider the case that
two of the planes meet only in a point. So without loss of generality, we may assume that
P, = V(xg,22) and Py = V(z1,23). Thus the defining quadrics of X must be contained
in (zg,x9)(x1,x3) = (Tox1, 122, Tox3, T3x). Hence, the defining equations for P; and Py
must contain two linearly independent linear combinations of xgxq, r122, Tox3, and x3xg. In
particular, P3 and P, must contain the point of intersection P; N P;. Thus, X is the cone
over an intersection of quadrics in P2, which is a curve Z of arithmetic genus 1. Since by
assumption X is a union of 4 planes, two of which meet only in a point, Z must be the
union of 4 lines, two of which must be skew. Thus, by genus considerations together with
the Z/4Z-action, Z must be a 4-gon, i.e., a cycle of rational curves, where each curve meets
exactly two of the others.
After a change of coordinates, we may assume that the intersections are

PiNP; =V (xg,21,22), PANPy = V(20, 3, 3), NP3 = V (20, 21, 23), PINPy = V (21, 2, x3),

so X = V(xgzy, zox3).

Now assume that all pairs of planes meet in a line. If this line is the same for all pairs,
then X is a cone over a reduced intersection of quadrics in P2. If exactly three of the planes
meet in a common line, then without loss of generality the planes must be

V(zo, 1),V (w0, 12), V(21,22), V(13 — L0, 71, T2), £(T0, T1, T2)).
However, there is no intersection of two quadrics that results in these four planes, so this
configuration of planes is not possible.

It remains to consider the case when all pairs of planes meet in a line, but no three planes
meet in a line. In this case, every triple of planes meets in a point, and these four points
must span a 3-dimensional space. Then, after a possible change of coordinates, the planes
must be

V(ZL’(), 1’1), V(ZL‘(), ZL’Q), V(Io, ZL‘3)7 V(CC(), l‘4),
which again contradicts that X is an intersection of 2 quadrics. U
12



The following provides an alternative proof of the theorem in the case of odd residue
characteristic.

Proposition 4.5. Let X C P} be del Pezzo surface of degree 4 over a local field k of
characteristic not equal to 2. Then X has index dividing 2. If the residue characteristic of
k is odd, then there is a quadratic extension K/k such that X has a K-point.

Proof. First let us prove that X has a quadratic point assuming that s € 8(k) # (). After a
change of coordinates on the P! parametrizing the pencil and a change of coordinates on P4,
we may assume that s = 0, that Qg = Qo(xo, 1, 22, x3), and that Q. = Qoo(xo, T, To, T3) +
x2. If Qp contains a smooth k-point, then the line joining the vertex of Qg and this point
will intersect X in a degree 2 subscheme, which shows that X has a quadratic point. Thus,
we may restrict to the case that Qg has no smooth k-points.

Projection away from the vertex of Qg C ]P’i gives a double cover X — Y := Qo NV (z4)
onto the quadric surface Y. Since Qq has no smooth k-points, Y (k) = (). We will prove that,
in this case, the branch curve C' of the double cover X — Y has a quadratic point. Note that
by definition of the double cover, C' = X NV (z4) and so is a degree 4 genus 1 curve that is
the base locus of the pencil of quadric surfaces @ — P! with Q, = Q; NV (x4). Moreover, C
is a 2-covering of the degree 2 genus one curve C’ given by the equation y* = det(M) where
M is the 4 x 4 symmetric matrix with entries in H’(Op1(1)) corresponding to a defining
equation for @' (see [AKMT01]).

Consider the fiber of ¢ — P! above 0. By definition of Q’, this is given by the equation
y* = disc(Qy N V(z4)). By assumption, Qy N V(z4) has no k-points. Since there is (up
to isomorphism) a unique rank 4 quadric over the local field k that is anisotropic and it
has square discriminant, we conclude that disc(Qp N V(x4)) is a square and so C'(k) # 0.
Consequently, C’ ~ Jac(C) and so the order of C' in H'(k, Jac(C)) divides 2. By a result of
Lichtenbaum [Lic69] it follows that C' has a point defined over some quadratic extension of
the local field k.

Now we can deduce the statement in the proposition. The scheme 8§ C P, parameterizing
singular quadrics in the pencil has degree 5, so there is an odd degree extension k’/k such
that 8(k’) # (). By what we have shown above, X has a K-rational point for some quadratic
extension K /k'. It follows that X has index at most 2. If the residue characteristic is odd,
then the inclusion & C &’ induces an isomorphism k*/k*? ~ k' /k’*2? so K contains a
quadratic extension ks /k as an odd index subfield. By the theorems of Amer, Brumer and
Springer [Ame76, Bru78, Spr56], we have X (K) # () = X (ko) # (), so X has a ko-point. [

Remark 4.6. The preceding proof can be adapted to give an easy proof that a locally soluble
del Pezzo surface of degree 4 over a global field must have index dividing 2. Indeed, over
some odd degree extension X may be written as a double cover of a quadric surface, which is
known to satisfy the Hasse principle. Hence X obtains a rational point over some extension
of degree 2m with m odd.

5. ARITHMETIC OF THE SPACE OF LINES ON THE QUADRICS IN THE PENCIL

In this section we develop the main tools to prove Theorems 1.1 and 1.2 over global fields.
Recall the notation defined in Section 3.1. Throughout, we let Q@ — P! be a pencil of
quadrics in P} over an arbitrary field & of characteristic not equal to 2 which satisfies (),
and let X = Xg, G = Gg and (e5,8) = (e3,,80)-
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In Section 5.1, we compute Br(G)/ Bro(G) and construct explicit representatives in Br(G),
denoted by 7, which are determined by subsets T C 8 such that N(eg) € k*2. In Section 5.2,
we study the rank 4 quadrics Qg corresponding to subsets T C 8 such that N(eg) € k*?. We
use Clifford algebras associated to these rank 4 quadrics to define constant Brauer classes
Cy € Br(k) and we show how these are related to the kernel of the canonical map Br(k) —
Br(X). The two constructions come together in Sections 5.3 where we show how the Cy
arise when evaluating Sy at certain local points of G (see Lemmas 5.10 and 5.13). Finally,
in Section 5.4, we deduce consequences for the evaluation of By at adelic points of G.

5.1. The Brauer group of G. It follows from the Faddeev exact sequence (see [GS06, Thm
6.4.5]) that the homomorphism

7' k(8)* 2 e Corys) (e, T — 6) € Br(k(P"))
induces an isomorphism

v: ker (N: f:g;; = ]fg) ~ ker (Br(IP’l —8)[2] =5 Brk[2]> , (5.1)

where oo* denotes evaluation of the Brauer class at oo € P! — 8. Recall that N(egg) € k*? by
Proposition 3.3(2).

Define 8 = 7*y: ker (N: LI AN ]f%) — Br(k(G)). For T C 8 such that N(eg) € k*2,

K(8) <2
we set [y = [(e7).

Proposition 5.1. The map 8 induces a homomorphism

ker (N: PDie.) — K /W) 2 Br(Q), (5.2)
s€8

whose image generates Br(G)/ Bro(G). Furthermore, Bs = (G| € Bro(G), and for all T C 8

with N(eg) € k*? and ey # €5 € k(8)* /k(8)*%, we have

By € Bro(g) C Br(g) <— [Br=0¢€ Br(g) = &7 € k(T)XZ.

Corollary 5.2.
(1) Br(G)/Bro(G) =~ (Z/27Z)" for some n € {0,1,2}.
(2) Every nontrivial element of Br(G)/Bro(G) is represented by Py for some degree 2
subscheme T C 8 with N(eg) € k*2.
(3) If Br(G)/ Bro(G) is not cyclic, then every degree 2 subscheme T C 8 with N(eg) € k*?
must be reducible.
(4) Let sy € 8(k) be such that there exists an s’ € 8(k) with By, ) € Br(G) — Bro(G).
Then {Biso,sy : s € 8(k), N(egsy.53) € K**} generates Br(G)/Bro(G).
(5) There is a collection T of degree 2 subschemes of 8 and an element € € k*, such that
e N(eg) € kX% for all T € T;
o {fy : T €T} generates Br(G)/Bro(9);
e for all s € UserT, the image of € in k(s)* /k(s)*? is equal to €s; and
e for any extension L/k and any s € UgerT, € € k(s1)*? if and only if ¢ € k(s})*?
for all s € UgerT.
(6) Br(G)/Bro(G) ~ H'(k, Pic(X)).
14



(7) If k is a local or global field, then the injective map Br(X)/ Bro(X) — Br(G)/ Bro(G)

given by Proposition 2.6(1) is an isomorphism.

Proof of Corollary 5.2. Statements (1)—(4) follow from a straightforward case by case anal-
ysis of the possible relations on @scg(es). Given this characterization of Br(G)/Bry(G) in
terms of degree 2 subschemes T C 8, (5) can be established using [VAV14, Lemma 3.1] for the
existence of € € k* and (6) follows from [VAV 14, Proof of Theorem 3.4]. Finally, when k is a
local or global field, the injective map Br(X)/Bro(X) — H'(k, Pic(X)) is an isomorphism,
so (6) implies that the injective map Br(X)/ Bro(X) — Br(G)/ Bro(G) is also surjective. [

Remark 5.3. If T C 8 is a degree 2 subscheme with N(e7) € k*2 such that the quadric Q7 has
a smooth k(T)-point, then [VAV14, Cor. 3.5] yields a rational map p: X --» P! such that
p*y(e7) € Br(X). One can show that the image of p*y(e7) under the map Br(X)/Bry(X) —
Br(G)/ Bro(G) given by Proposition 2.6(1) is equal to the class of 7.

Proof of Proposition 5.1. Let n € P! be the generic point. Since G is smooth, Br(G) injects
into Br(G,). Further, by the Hochschild-Serre spectral sequence, we have an exact sequence

0 — Pic(G,) — (Pic(g_n))Gk(") — Br(k(n)) — ker (Br(gn) — Br(g_n)) — H! (Gk(n), Pic(g_n)) )

Since G, is a Severi-Brauer variety, Pic(G,) ~ Z with trivial Galois action, and Br(G,) = 0.
Hence, the exact sequence simplifies to

Z — Br(k(n)) & Br(G,) — 0, (5.3)

where the first map sends 1 to [G,] € Br(k(n)). Thus, to determine Br(G), it suffices to
determine Br(G) N 7* Br(k(n)).

The projection map 7: G — P! induces the following commutative diagram of exact
sequences where the top row is the Faddeev exact sequence [GS06, Thm 6.4.5].

Br(k) —— Br(k(n)) — 2 @) H(k(t),Q/Z) —=0, W (k,Q/Z)

te(®)()
‘/ﬂ—* l(ﬂ*)Br l(ﬂ*)Hl (54)
Br(G) — Br(G,) — @ P H'(k(z),Q/Z),

tePl pcg)
w(z)=t

If t € P! —§, then the fiber G; is geometrically irreducible and hence 7*: H'(k(t), Q/Z) —
H'(k(G;),Q/Z) is an injection. For t € 8, the fiber G; consists of two split components that
are conjugate over k(t)(/e¢).

Therefore, for ¢t € 8, the kernel of 7*: H'(k(t),Q/Z) — H'(k(G,),Q/Z) is the 2-torsion
cyclic subgroup corresponding to the extension kNk(G;) = k(t)(y/€¢). Moreover, the residue
of the kernel (9; (ker(7*)g;)) = (g¢)tes = s € k(8)/k(8)*2. Thus, the commutativity of the
above diagram shows that

ker (7™ ﬂkerZCork )k = ker (N @(&) — ]{;X/]gm) '

tes
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In particular, the image of ker (N: @, (e} — k*/k**) under 3 is contained inside of Br(G).
Further, since 7, is surjective, the image of ker (N: @,.s(e:) — k*/k*?) under j generates
Br(G)/ Bry(G).

It remains to understand which subsets T C 8 give rise to Sy € Bro(G). If Sy € Bro(G),
then by definition of Bry(G) there exists A € Br(k) such that v(ey)—A € ker(7*)g,. By (5.3),
the kernel of (7*)g, is generated by [G,]. Thus, v(e7) = [G,] + A or y(eg) = A, where both
equalities are in Br(P' — 8). The final statement of the proposition follows from these
equalities after computing residues and evaluating at oco. 0

5.2. Clifford algebras and Brauer classes. For a quadratic form F' over a field of charac-
teristic not equal to 2 we use Clif(F) to denote the Clifford algebra of the restriction of F' to
a maximal regular subspace, and Clify(F") to denote the corresponding even subalgebra. By
Witt’s Theorem [Lam05, Chap. I, Theorems 4.2 and 4.3|, these do not depend on the choice
of maximal regular subspace. If F' has even rank, then Clif(F") is a central simple algebra,
which will be identified with its class in the Brauer group. This extends to quadratic forms
over finite étale algebras in the obvious way.

In particular, we will consider Clif(Qg) € Br(k(T)) where Q7 is a quadratic form defining
the quadric Qg corresponding to a subscheme T C 8. This depends on the choice of quadratic
form as indicated by the following lemma.

Lemma 5.4. Let s € § and ¢ € k(s)*. Then

Clif(cQs) = Clif(Qs) + (g5, ¢) € Br(k(s)) .

Proof. This follows from a short calculation using [Lam05, Chap. V, Corollary 2.7]. U

For a rank 4 quadric Q,, s € 8 with ¢, € k(s)*?, any quadratic form Q, defining Q, is a
constant multiple of the reduced norm form of a quaternion algebra whose class in Br(k(s)) is

equal to Clif(Qs) [EKMO08, Prop. 12.4]. The following lemma gives a description of Clif(Qs)
in cases when ¢, ¢ k(s)*2.

Lemma 5.5. Assume that k is a field of characteristic different from 2 and that s € 8
with €5 & k(s)*? such that Qs has a smooth k(s)-point. Let Q, be a quadratic form whose
vanishing definines Q. Then for any Gal(k(s))-stable pair {x,z'} C Q. (k) and any k(s)-
linear form ¢ defining a hyperplane tangent to Qs at a smooth point with €(x)l(x') # 0 we
have the following equality in Br(k(s)):

Clif(Q,) = (58’ _%) '

Proof. By [VAV14, Lemma 2.1|, for any ¢ = {, tangent to Q, at a smooth point, the quadric

Q, is defined by the vanishing of Q, = c(lol; — (3 + £4(3), for some linear forms ¢y, {5, {3 and

some ¢ € k(s)*. In particular, we have {o(z)l1(z) = lo(x)? — ,3(x)* and similarly for z’.
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Thus, we may compute:

_ Bg,(z,2) _ . lo(x)ly () + Lo(2") 01 (z) — 2Lo(2)la(2) + 2e4l5(x)l3(x")
0(x)e(z) lo(x)lo(2)
_ . lo(2')? — e l3(2)?  lay(2)? — e, ls(x)? L b(x)b() . Us3(x)ls(2")
——o () e o)
N VECTCONCIC) L () L))
- [QO(I) 50@”)) - (ﬁo(ﬁ) fo(x’)) ] ’
which shows that (55, —if;ﬁ’éﬁ?) = (g5, —c). Thus, it remains to relate the quaternion

algebra (g4, —c) to the Clifford algebra of Q5. By [Lam05, Chap. V, Corollary 2.7],

Clif (Qs) =~ CLf(Qslieo.e1)) @ ClE(C® - Qslitz,05)) = Ma(k) @ (—c, ces).
To complete the proof, we observe that (—c,ces) = (—c¢,e5) = (€5, —¢) € Br(k). O
Definition 5.6. Given T C 8 such that N(eg) € k*?, define
Cy := Coryr)/k(Clif(Qg)) € Br(k).

Remark 5.7. Even though Clif(Q5) may depend on the choice of quadratic form defining the
pencil, the condition N(eg) € k*2 ensures that the class Cy does not. Indeed, if one computes
Cy using instead a form cQs which differs from @)y by ¢ € k*, Lemma 5.4 shows that the
result will differ by Corg)/i(e7, ) = (N(eg), ¢), which is trivial whenever N(eg) is a square.

Lemma 5.8. The kernel of the canonical map Br(k) — Br(X) is generated by
{C, : s €8 such that e, € k(s)**}.

Proof. By the exact sequence of low degree terms coming from the Hochschild-Serre spectral

sequence, the kernel of Br(k) — Br(X) is the image of the cokernel Pic(X) — Pic(X)C*.

By [VAV14, Prop. 2.3] (which relies on results from [KST89]), Pic(X)%* is freely generated

by the hyperplane section and, for every s € § such that e, € k(s)*?, the divisor class

Normys)/x([C5]) where C; is obtained by intersecting X with a plane contained in Q,. Since
Gy

the hyperplane section is k-rational, the cokernel of Pic(X) — Pic(X)“* is generated by

{Normys)/x([Cs]) : s € 8 such that e, € k(s)** and Q, contains no k-rational planes} .

By definition, the image of [Cy] in Br(k(s)) is the Severi-Brauer variety whose points pa-
rametrize representatives of the class [Cy]. Since e, is a square, by [CTS93, Thm. 2.5],
O, NH = Z;, x Z, for the conic Z, that is a smooth hyperplane section of Q, N H. Since
planes contained in Q; in a fixed ruling are uniquely determined by points on a smooth plane
intersected with Q;, we deduce that [C5] — Z5 € Br(k(s)). By [EKMO08, Prop. 12.4] we also
have that Clif(Qs) = Zs € Br(k(s)). Hence, Normys) /i ([Cs]) = Cory(s)/k(Clif(Qs)) = Cs. O

5.3. Local evaluation maps.

Lemma 5.9. Assume that k is a field of characteristic different from 2. If there exists a
degree 2 subscheme T C 8 such that for allt € T, g, € k(t)*? and Q; has a smooth k-point,

then X (k) # 0.
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Proof. Let T(k) = {t,t,}. The assumptions in the lemma imply that there are k(t;)-rational
planes contained in Q;,. The intersection of one with X gives a k(t;)-rational conic C; on X.
After possibly choosing a different plane for 5, we may assume the pair {C}, Cs} are Galois
invariant. As computed in [VAV14, Proof of Proposition 2.2] we have C,.Cy = 1. Therefore
the intersection of these divisors produces a k-point on X. O

Lemma 5.10. Assume that k is a local field of chararcteristic different from 2 and let T C 8
be a degree 2 subscheme such that N(egz) € k*%. Then, for any quadratic extension K/k
with ex € k(T )*? and K # k(T), there exists y € G(k) corresponding to a quadratic point
Spec K — X. Moreover, for such vy,

ey ifer ¢ K(T)%2
foly) = {o if ey € K(T)*2

Proof. It X (k) # (), then for any nontrivial extension K/k we have X (k) C X (K) because
k is local (see, e.g., [LL18, Proposition 3.8]). Then any pair of Gal(K/k)-conjugate points
on X will give the required y € G(k). Now we prove the first statement in the case where
X (k) = 0. Over any local field, there is a unique rank 4 quadric (up to isomorphism) that
fails to have a point, and it has square discriminant. Thus, for any t € T, if &, € k(t)*?,
then Q;(k(t)) contains a smooth point. Hence, Lemma 5.9 gives the existence of K-points
on X for any K such that ey € k(Tx)*2.

If e, € k(t)*? for some (equivalently, for all) ¢ € T, then Q; may not have a smooth
k(t)-point, but it will have a smooth point over any quadratic extension of k(). If K/k is a
quadratic extension different from k(7)/k, then k(T ) will be a quadratic extension of k(7T)
and hence we may again apply Lemma 5.9.

Now suppose y corresponds to the line joining the K/k-conjugate points z, 2’ € X (K),
with K satisfying the conditions of the lemma. By continuity of the evaluation map, we may
reduce to the case where 7(y) # oco. Then 7(y) = —By(z,2')/Boo(x,2’), and so

By(z,2') + 0B (x,2')  Bs(z,2')

my) =0 =- Boo(z, ") "~ Boo(z,7)’

Using this we compute

Br(y) = Corys)/i(er, m(y) — 0) = Corks)x (67, —Bs(x,2") / Boo(, 2'))
T

= Coryk (67, —By(z,2')) + (Ni(ryu(e7), Boo(z, 7))

= Cory(g) ik (€7, —Bg(z,2")) (since N(e7) € k™?)
= Coryk [(e7, br(z)lz(2")) + Clif (Qy)] (by Lemma 5.5)
= Cory(ry)/k(e7, lr(x)) + Corg i Clif (Q7)

= Corg(q i Clif (Q7) (since g7 € k(Tx)*?)
=Cy (by Definition 5.6) .00

Lemma 5.11. Assume that k is a local field of characteristic not equal to 2. Suppose
s € 8(k) is such that Qs has a smooth k-point and let vs denote the vertexr of Qs. For any
t € AY(k) — {s} sufficiently close to s, we have

G(k) #0 <= (&5t —s) = Clf(Qs) + (65, =@ (vs)) in Br(k).
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Remark 5.12. Note that by Lemma 5.4, the sum Clif(Qs) + (€5, —Qoo(vs)) appearing on the
right-hand side above does not depend on the choice of quadratic form defining the pencil.

Proof. Since t € A'(k) — {s} is sufficiently close to s and § is closed, we have ¢t ¢ § and Q;
has rank 5. So by [EKMO08, Ex. 85.4] the Severi-Brauer variety G, and the even Clifford
algebra Clify(Q;) (which is a central simple k-algebra) determine the same class in Br(k). In
particular, G, (k) # 0 if and only if Clifs(Q;) = 0 in Br(k).

The quadratic forms ); and Qt|<vs>L L Q¢|(w,y are equivalent by [Lam05, Chap. I, Cor
2.5]. Therefore,

Clifo(Q:) = Clf(—Q¢(vs) - Q¢l(,)+) (by [Lam05, Chap. V, Cor. 2.9])
= Clf (Q] v,y ) + (disc(Qyl(r), —Qi(vs)) (by Lemma 5.4).

For t sufficiently close to s, the quadratic forms Q| )1 and Q)= will be equivalent. For
such t, Clif (Q¢|,,)+) = Clif(Q) € Br(k) and disc(Q¢| )+ ) = disc(Qs) € k*/E**. Hence

Clifo(Q1) = CLf(Qy) + (25, —Qu(vy)) -
To complete the proof, we note that Q(vs) = Qoo (vs)(t — ). O

Lemma 5.13. Assume that k is a local field and T C 8§ is a degree 2 subscheme with
N(eg) € k*2 and ey ¢ k(T)*2. Then there exists y € Gr(k(T)) such that w(y) = T. Moreover,

for any such y,

Cory)k(B7(y)) = C3 + (6, —Ag N(Qu(v7))) € Br(k),

where € € k™ is an element whose image in k(T)* /k(T)*? represents g, Ag is the discrim-
inant of k(T)/k (which we take to be 1 if T is reducible), and vy is the vertex of Q.

Proof. By Corollary 5.2(5) there exists ¢ € k* such that ¢ - &, € k(t)*? for all t € T. Fix a
closed point s € T, and let s’ be the unique k(s) point in Ty — {s}.

Since e, € k(s)*?, Q, is a cone over an isotropic quadric and as such contains smooth
k(s)-points and many k(s)-rational lines (passing through the vertex). Hence Gs(k(s)) is
nonempty. By the implicit function theorem, we can find ¢t € (P! — {s})(k(s)) arbitrarily
close to s such that G;(k(s)) # 0. In addition, by Lemma 5.11 and the fact that 5: G(k(s)) —
Br(k(s)) is locally constant, we may choose such a t sufficiently close to s so that

(1) (e,t —s) = Clif (Qs) + (6, —Qoo(vs)) € Br(k(s)),
(2) Br(Gs(k(s))) = Pr(Gi(k(s))) € Br(k(s)), and

2)
(3) t — s’ and s — s represent the same class in k(s)*2.
Then for y; € Gs(k(s)) and y; € Gi(k(s)), we have

Br(y) = Br(yy) = (&, (t = 5)(t — &) = Clif(Qs) + (€, = Qoo (vs) (s — 8')) .
If y: Spec(k(T)) — G is such that w(y) = T it follows that

Corw(a)/r(Br(y)) = Corym i [Clif (Qr) + (g, = Qoo (V7)) + (£,5 — 8)]
= Cork)/x (Clif(Q7)) + (6, N(Qoo(v7))) + (€, (s — §')(s" — 5))

= Cr + (6, N(Qoo(vr))) + (6, =Ag) . 0
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5.4. Evaluation of Brauer classes on G(Ay).
Definition 5.14. Let k be a global field of characteristic not equal to 2. Given T C 8§ define
Ry = {v € Q:e5, €k(8,)*? and Cy, # 0}.

Theorem 5.15. Assume that k is a global field of characteristic different from 2.
(1) There exists (y,) € G(Ay) such that for all degree 2 subschemes T C 8 with N(eg) €
k*?, we have Y7, o invy(Br(yy)) = #Ha c Q/Z.
(2) For allt € 8(k) there exists (y,) € G(Ay) such that for all degree 2 subschemes T C 8
with N(eg) € k*? and t € T, we have Y, o inv,y(Br(y,)) = 5 € Q/Z.

Proof. (1) It suffices to prove the result for {#y : T € T}, where T is a collection of
degree 2 subschemes of § as in Corollary 5.2(5), with corresponding e € k* simultaneously
representing the discriminants of all T € T.

We define an adelic point (y,) € G(Ay) as follows. For v € Q. such that ¢ € k(T,)*? for
some (equivalently all) T € T, let y, € G(k,) be any point (which exists by Corollary 4.2).
Note that if ¢ € k(T,)*?, then 8y ® k, = 0 by Proposition 5.1. For each v € Q with
e ¢ k(T,)*? for some (equivalently all) T € T, let y, € G(k,) be a point corresponding to
a k,(y/€)-point on X, as provided by Lemma 5.10. Note that Lemma 5.10 further implies
that for such y,, 57(y,) = Cq, for all T € T. Thus, for any T € T we have

: : : # 1y
Z inv, (Br(yy)) = Z inv, (Cy,) = Z inv, (Cy,) = 5 € Q/zZ,

veEQy egk(T,)*2 e€k(T,)*2

where the penultimate equality follows from quadratic reciprocity.

(2) Let t € 8(k) and set € := &;. If t is not contained in any degree 2 subschemes T C 8§
with N(eg) € k*?, then we need only show that G(Ay) # 0, which follows from Corollary 4.2.
Thus, we may assume there is some degree 2 subscheme T C § containing t such that
N(eg) € k*2. For any such T we have ey = (¢,¢) € k(T)*/k(T)*? =~ k*/k*? x k> /k*2.

We define an adelic point (y,) € G(Ay) as follows. For v € Oy such that ¢ € kX2, take y, to
be any point of G(k,) (which exists by Corollary 4.2). For v € €, such that e ¢ kX* we take
y» € G(k,) to be any point such that 7(y,) € P*(k,) is close enough ¢ so that Lemma 5.11
applies (note that Q, is a cone over an isotropic quadric surface so the hypothesis of the
Lemma 5.11 is satisfied) and so that, for all s € §(k) — {t} with eg, € k*?, (7 (y,) — s) and
(t — s) have the same class in k) /kX2.

Suppose T = {s,t} C 8(k) is such that N(eg) € k*2. For v € Q. such that e € k}?, we
have inv, (By(y,)) = 0. For v € Q4 such that £ ¢ £ we have

vy (Br(yy)) = vy (¢, (w(yo) — 1)(7(y0) = 5))
= inv, (g, 7(yy) — t)) + inv, (g,t — s)
= inv, (Clif(Qy)) + inv, (e, —Quo(v4)) + inv, (e, t — s) (By Lemma 5.11) .

Since (¢, —Qoo(vt)(t — 5)) is an element of Br(k), its local invariants sum to 0. Furthermore,
(6, —Qoo(vy)(t — 8)) has trivial invariant at all v € , where € € k2. Thus,

D v (Br(ye) = Y inv(Br(ye)) = Y v (CLE(Qr) = Y invy (CLf(Qy)).

vEQ edky? edky? eckX?
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where the last equality follows from the fact that the local invariants of Clif(Q;) € Br(k)
sum to 0. For v € O such that ¢, € k* we have inv, (Clif(Q;)) = inv,(C;,). Hence,
_ #wh

S i () = 3 v (ClE(@0) = T e /2. 0

UEQk EEI{J,L>1<2
The following lemma relates the set Ry to the condition given in (2b) of Theorem 1.2.

Lemma 5.16. Let k be a global field of characteristic not equal to 2 and T C 8§ a degree 2
subscheme such that N(eg) € k*2. Then v € Ry if and only if there are an odd number of
components of Qg, = Uy, ex, Qp, which have no smooth k(t,)-point.

Proof. Let v € Q. First suppose that g5, € k(8,)*%. Then v ¢ Ry by definition. Note also
that for all t, € T, &, € k(t,)** (a priori this must hold for some ¢, € T,; the stronger
conclusion holds because T has degree 2 and N(ey) € k*?). Recall that there is a unique
anisotropic quadratic form of rank 4 over any local field and that it has square discriminant.
Hence, when e, & k(t,)*?, all components Q;, have smooth k(t,)-points.

Now suppose that ey, € k(8,)*?. As above ¢, € k(t,)*?, for each t, € T,. Then
the rank 4 quadratic forms ;, are equivalent to constant multiples of the norm forms
of the quaternion algebras Clif(Q;,) (see [EKMO8, Prop. 12.4]). In particular, Q; has
a smooth k(¢,)-point if and only if Clif(Q:,) = 0 € Br(k(t,)). The corestriction maps
Cori(s,)/k, @ Br(k(t,)) — Br(k,) are isomorphisms, so Cy, = >, . Cori,)/m, Clif(Qt,)
is nonzero if and only if there are an odd number of components of Qg with no smooth
k(t,)-points. By definition v € Ry if and only if C, # 0. O

Lemma 5.17. Assume that k is a global field of characteristic different from 2 and suppose
T C 8 is irreducible of degree 2 such that N(eg) € k*2. For any t € T(k(T)), the cardinalities
of the sets

Ry C Q. and R, C Qk(g-)

have the same parity.

Proof. For a prime v € (i, we have e5 € k(T,)*? if and only if ¢, € k(¢)? for all (equivalently
some) w € Sy with w | v. For such v we have

inv, (Cr,) = invy(Corm s (Clif(Qr)) = D invy,(CLE(Qy)) = )~ invy(Cy,).
wlv w|v

In particular, Cy, # 0 if and only if there are an odd number of primes w | v with C;, # 0. O

6. PROOFS OF THE MAIN THEOREMS
6.1. Corollaries of Theorem 5.15.

Corollary 6.1. Assume that k is a global field of characteristic different from 2 and that
either of the following conditions hold:
(1) Every nontrivial element of Br(G)/ Bro(G) can be represented by By for some degree
2 subscheme T C 8 such that N(eg) € k*? and # Ry even; or
(2) Every nontrivial element of Br(G)/ Bro(G) can be represented by Sy for some degree
2 subscheme T C 8(k) such that N(eg) € k*2.

Then G(Ay)B # 0.
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Proof. If condition (1) holds, then the corollary follows from Theorem 5.15(1). Now assume
condition (2) holds and (1) fails. Then there exists a nontrivial element of Br(G) of the form
Brpy with ¢, t" € §(k) such that Ry yy has odd cardinality. Note that Ry, is the symmetric
difference of R; and Ry. Thus, interchanging ¢ and ¢’ if needed we may assume R; has even
cardinality. Theorem 5.15(2) then gives an adelic point orthogonal to all Sy such that T has
degree 2, contains ¢t and N(eg) € k*2. The result follows since Corollary 5.2(4) shows that
such [y generate Br(G)/ Bro(G). O

Remark 6.2. If both conditions of Corollary 6.1 fail, then Br(G)/ Bro(G) ~ Z/2Z and any S
with T of degree 2 which represents the nontrivial class has T is irreducible. Thus, & must
contain an irreducible degree 2 subscheme 7 such that

(] N(éfj) € ]CXQ,

o o7 ¢ k(T)*%,

o if #(8 —T)(k) =3, then g; ¢ kX% for all t € § — T, and

e #Ry is odd, which in particular implies that Qg has no smooth k(7T)-points.

Corollary 6.3. Assume that k is a global field of characteristic not equal to 2. Suppose
there is a degree 2 subscheme T C 8 with N(eg) € k*? such that Ry has odd cardinality.
Then G(A)B # G(Ay) and there exists a quadratic extension K/k such that Xy (Ag) #
Xi(Ag)B = 0. In particular, G does not satisfy weak approxvimation and X does not satisfy
the Hasse principle over quadratic extensions of k.

Proof. The first statement follows immediately from Theorem 5.15(1). For the second state-
ment we construct K by approximating fixed quadratic extensions of k, for the places
v eSS :={v: Xk, = 0or inv,o8r: G(k,) — Q/Z is nonzero}. (In particular, by
Lemma 5.10 and the definition of Cy, we will approximate K at every ramification place
of Cy.) For such v, if ¢ ¢ kX2, then we fix K, := k,(y/€). If v is such that ¢ € kX2, then
we let K, be any quadratic extension such that X (K,) # 0. Then Lemma 5.10 implies that
for every v € S, there exists a y, € G(k,) corresponding to a quadratic point Spec K, — X
and for all such y,, B7(y,) = Cq, if € € k* and B7(y,) = 0 otherwise. Furthermore, for
v ¢ S (which necessarily means that Cy, = 0), our assumptions imply that X (K,) # () and
that f7(y,) = 0 for all y, € G(k,). Thus, for all (y,) € G(Ay) corresponding to an adelic
quadratic point Spec(Ag) — X we have

. . . . R
ZIHVU ﬁfr(yv) = Z mv, 57(.%) = Z inv, Cy, = Z inv, Cy, = #2 7 € @/Z-
v gk gk eeky?

By Proposition 2.6(2) and Corollary 5.2(7), this implies that X (Ax)B = 0. O

Example 6.4. Let G — P! be the fibration of Severi-Brauer threefolds corresponding to the
pencil containing the quadrics given by the vanishing of the rank 4 forms

Qo = xor1 — xg + 5:E§ , and

Q1 = ax} + br} — abxi — e
where a,b,e € k*. Then T = {0,1} C 8 is a degree 2 subscheme with ex = (¢,¢). Hence,
Corollaries 5.2 and 6.1 imply that G(Ay)B" # 0. Note that Qy has smooth k-points, so
Ry=R={veQ : e €kX? and inv,(a,b) # 0}. Clearly one can choose a,b,e so that Ry

has odd cardinality (e.g., for k =Q, a =3,b= 7,6 =2 we have Ry = {7}), in which case G
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has a Brauer-Manin obstruction to weak approximation and the base locus X of the pencil
1 a counterexample to the Hasse principle over some quadratic extension by Corollary 6.5.

If4—ab € kX* — k*? for some prime v € Ry (which holds for the values indicated above),
then there ezists no quadratic extension K/k such that Xy is everywhere locally solvable
and Br(Xg) = Bro(Xg). To see this first observe that 4 — ab = ¢, is the discriminant of
the rank 4 quadric Q; = ==(Q1 — abQqo) (here t = 1/(1 — ab) € 8(k)). Now note that if
a prime v € Ry splits in a quadratic extension K, then Xy is not locally soluble because
Q1 has no smooth K, -points for the primes w | v. On the other hand, Proposition 5.1
shows that Sy @ K € Br(Xg) lies in the subgroup Bro(Xk) if and only if € € K*? (in
which case K = k(\/€) and all primes of Ry split in K) or es_g € k(8k)** (in which case
K = k(v/4 — ab) and so some prime of Ry splits in K by assumption). We conclude that if
K/k is a quadratic extension such that By ® K € Bro(Xg), then X (Ag) = 0.

Corollary 6.5. Assume that k is a global field of characteristic different from 2. There is
an adelic 0-cycle of degree 1 on G orthogonal to Br(G).

Proof. We may assume that G(A)B" = () (for otherwise the Corollary holds immediately)
and hence, that the hypothesis of Corollary 6.1 fails. As explained in Remark 6.2, this
implies that there is an irreducible degree 2 subscheme T C 8 such that N(ey) € k*?,
er ¢ k(7)*? and Ry has odd cardinality. By Corollary 5.2(3), the existence of such an
irreducible T implies that Br(G)/Bro(G) has order 2. Moreover, if t € T(k(7T)) then, by
Lemma 5.17, the set R, C Q) has odd cardinality. Thus, by Theorem 5.15 applied over
k(T) we obtain an effective adelic 0-cycle of degree 2 over k, denote it by (z,), such that
> veq, MVo(Br(2,)) = 1/2. 1 (y,) € G(Ay) is any adelic point (which exists by Corollary 4.2),
then (z, — ¥,) is an adelic O-cycle of degree 1 and, since G(Ay)B" = G(A)?" = 0, we have
D vea, MVo(Br(z0 = ) = Dpeq, mVo(Br(20)) = 2eq, Vo(Ar(y)) = 1/2-1/2=0. O

Remark 6.6. In the cases not already covered by Corollary 6.1, the proof above hinges on
constructing an adelic 0-cycle of degree 2 on G that is not orthogonal to the Brauer group.
Lemma 5.13 can be used to give an alternative construction of such a 0-cycle. See Section 7.1.

6.2. Proof of Theorem 1.1. Let X' C P} be a smooth complete intersection of two
quadrics over k. The intersection of X’ with a suitable linear subspace will yield a smooth
del Pezzo surface X of degree 4. If k is a local field, then the result follows from Theorem 4.1.
It remains to consider the case that k is global. The variety G parameterizing lines on the
quadrics in the pencil of quadrics containing X is birational to the symmetric square of X
by Proposition 3.3. So it suffices to prove that G has index 1. By Corollary 6.5, G has an
adelic O-cycle of degree 1 orthogonal to the Brauer group. Since G is pencil of Severi-Brauer
varieties, [CTSD94, Theorem 5.1] shows that, when k is a number field, G must have a
0-cycle of degree 1.

6.3. Proof of Theorem 1.2. Let X' C P} be a smooth complete intersection of two
quadrics over k. As noted above, X’ contains a smooth del Pezzo surface of degree 4 over
k. So Theorem 1.2(1) follows from Theorem 4.1. We now assume we are in case (2) of the
theorem. In particular, k is global.

We claim that X’ contains a smooth del Pezzo surface X of degree 4 such that the cor-
responding Severi-Brauer pencil G has G(A;)B" # 0. In case (2a) we have n > 5. Then by

[Wit07, Section 3.5] the intersection of X’ with an appropriate linear subspace is a smooth
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del Pezzo surface X of degree 4 with Br(X) = Brg(X). Corollary 5.2(7) implies that the
corresponding G has Br(G)/Bry(G) = 0, so G(A;)P" # 0 by Corollary 6.1. Now we turn
our attention to (2b). If L/k is a quadratic field extension and @ C P* is a rank 4 quadric
such that X = Noeqaiz/ro(Q), then there exists a degree 2 point T € § with k(T) = L and
{0(Q)}oecar/m) = {Qstser)- Thus, under the assumptions of (2b), for each irreducible
degree 2 subscheme T C 8 with N(eg) € k*?, the geometric components of Qg (which are
defined over L) each fail to have smooth local points at an even number of places of L. By
Lemma 5.16 this implies that Ry has even cardinality. Thus, in either case, we may (as
explained in Remark 6.2) apply Corollary 6.1 and deduce that G(Ay,)B" # .

When £ is a number field, Serre proved, assuming Schinzel’s hypothesis, that the Brauer-
Manin obstruction is the only obstruction for fibrations of Severi-Brauer varieties (Serre’s
result is unpublished, but a more general result [CTSD94, Theorem 4.2] implies this re-
sult of Serre). Thus, assuming Schinzel’s hypothesis we obtain a k-point on G and, conse-
quently, a quadratic point on X. If we do not assume Schinzel’s hypothesis, it is enough to
find a quadratic extension K/k such that X (Ag)B # (). The existence of such a K fol-
lows from Proposition 2.6(4), since as noted in Corollary 5.2(7) the map Br(X)/Bry(X) —
Br(G)/ Bro(G) given by Proposition 2.6(1) is an isomorphism.

7. COMPLEMENTS AND REMARKS

7.1. Remarks on the cases not covered by Theorem 1.2. Suppose X is a smooth del
Pezzo surface of degree 4 with corresponding Severi-Brauer pencil G over a global field k of
characteristic not equal to 2 such that the conditions of Corollary 6.1 are not satisfied. As
noted in Remark 6.2 this implies that Br(G)/ Bro(G) is cyclic of order 2, with the nontrivial
class represented by (7 for an irreducible subscheme T C 8 of degree 2 with N(eg) € £*? for
which # Ry is odd. By Corollary 6.3, 87 obstructs weak approximation and so G(A)5" # ()
if and only if there exists a prime v € € such that the evaluation map Gy : G(k,) — Br(k,)
is not constant.

Let CL = Cs + (¢, — A3y N(Qx(vy))) € Br(k) be the class appearing in Lemma 5.13 and
define

Ry :={veQ : e ¢ k(8,)** and inv,(C}) # 0}.

Since Ry has odd cardinality, so too must Rf;. In particular, R} is nonempty. If T), is reducible
for a prime v € R, then Lemma 5.13 shows that the evaluation map fy: G(k,) — Br(k,) is
nonconstant and so G(Ag)B" = G(A,)?7 # (. If T, is irreducible at v € R}, then Lemma 5.13
shows that Oy @ k(T,): G(k(T,)) — Br(k(7,)) is nonconstant. Indeed the lemma gives a
k(T,)-point where Sy ®k(T,) takes the nonzero value Cy , but Sy @k(7T,) takes the value 0 at
any elements in the subset G(k,) C G(k(7,)). Unfortunately, this is not enough to conclude
that G(Ay)B* # 0 because f7: G(k,) — Br(k,) can still be constant. Using the lemma below
one can check that this occurs at v = 5 for the pencil of quadrics defined by

Qo = —55:1:% + 2x129 + x% + 53:?1 and Qs = 33;15(2) - 5:1:% — ac% + 102324 .

We note, however, that in this example (and in all others with R} # () that we have con-
sidered) there is some prime w € €. (in this case w = 2) for which the evaluation map
By: G(ky) — Br(k,) is not constant and, hence, G(A)5" # .

Lemma 7.1. If v € R} is such that T, is irreducible, k, has odd residue characteristic and
X(k(T,)) =0, then By: G(k,) — Br(k,) is constant.
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Proof. Suppose X (k(7,)) = 0 and let y € G(k,). Then y corresponds to a quadratic point
Spec(K) — X, with K/k, a quadratic field extension such that K # k(7,). Since k,
has odd residue characteristic, k(T7) is the compositum of all quadratic extensions of k,. In
particular, it must contain a square root of e (since ey € kk(T,)*?). Therefore, Lemma 5.10
applies, and its conclusion shows that f7(y) does not depend on . O

In contrast, the following lemma shows that for X (in place of G) nonconstancy of an
evaluation map over an extension of k, does imply nonconstancy over k,.

Lemma 7.2. Let X be a del Pezzo surface of degree 4 over a local field k such that X (k) # (.
If a € Br(X) is such that invioa: X (k) — Q/Z is constant, then for all finite extensions
K/k, invg oay: X(K) — Q/Z is constant and equal to [K : k](invy o).

Remark 7.3. In the case that k, has odd residue characteristic, T, is irreducible, g5, € kX2,
and inv,(C%) # 0, Lemma 7.2 can be used to prove the converse of Lemma 7.1. Namely, if
By is constant on k,-points, then X (k(7T,)) must be empty.

Proof. Let P € X (k). By [SS91, Lemma 4.4] (which follows from [CTC79, Theorem C]),
every O-cycle of degree 0 on X is linearly equivalent to one of the form ) — P for some
Q € X (k). Therefore, for any closed point R on X, there is some @) € X (k) such that R ~
Q@ + (deg(R) — 1)P. Since evaluation of Brauer classes factors through rational equivalence

and by assumption a(P) = a(Q), we see that invy oayx = [K : k|(invg oar) for any extension
K/k. O

Remarks 7.4.

(1) The result of [CTC79] used in the proof above shows that every 0-cycle of degree
1 on a conic bundle with 5 or fewer degenerate fibers is rationally equivalent to
a rational point. The example mentioned just before Lemma 7.1 shows that this
does not extend to more general Severi-Brauer bundles (at least over a p-adic fields).
Indeed, evaluation of Brauer classes factors through rational equivalence and in the
example there is a Brauer class on G which is nonconstant on 0-cycles of degree 1,
but is constant on rational points.

(2) If X/k is a del Pezzo surface of degree 4 over a number field which is a counterexample
to the Hasse principle explained by the Brauer-Manin obstruction, then as shown
in [CTPO00, Section 3.5] there exists o € Br(X) such that X(A;)* = 0 (a priori
multiple elements of Br(X) might be required to give the obstruction). An immediate
consequence of Lemma 7.2 is that over any odd degree extension K /k the same Brauer
class will give an obstruction, i.e., Xx(Ag)** = (). This answers a question posed
in [CTP0O0, Remark 3, p. 95]. In particular, this shows that the conjecture that
all failures of the Hasse principle for del Pezzo surfaces of degree 4 are explained
by the Brauer-Manin obstruction is compatible with the theorems of Amer, Brumer
and Springer [Ame76,Bru78, Spr56] which imply that an intersection of quadrics with
index 1 has a rational point.

7.2. A degree 4 del Pezzo surface with obstructions only over odd degree exten-
sions.

Proposition 7.5. Let X/Q be the del Pezzo surface of degree 4 given by the vanishing of

Qo = (xo + 1) (x0 + 221) — mg + 5$i , and Q1 = 2(xor; — x% + 5;5%) )
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For any finite extension K/Q we have X (Ag)®" =0 if and only if [K : Q] is odd.

Proof. This surface was considered by Birch and Swinnerton-Dyer [BSD75] who showed that
X is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction.
It follows from Lemma 7.2 that for any K with [K : Q] odd, Xk is also a counterexample
to the Hasse principle explained by the Brauer-Manin obstruction.

Since X is locally soluble over Q, Br(X)/Brg(X) is generated by the image of Br(X)[2].
The singular quadrics in the pencil lie above 8(Q) = {0, £1, %} C P! and the corre-
sponding discriminants satisfy eg = €1 = 5, e-; = —1 and N(g14,5,5),7) = —1. For any
K/Q linearly disjoint from k, = Q(v/—1,v/2,/5), the restriction map induces an isomor-
phism Br(X)/Bro(X) ~ Br(Xg)/Bro(Xg) and so Xg(Ag)B" # 0 by Lemma 2.1(2). On the
other hand, if K/Q is not linearly disjoint from ki, we can check directly that X (K) # (.
Indeed, K must contain Q(v/d) for some d € {—1, 42, £5, 410}. Over these quadratic fields
one can exhibit points:

(1:1:1:0:v/=1),(1:=2:2v2:v/2:1),(4:9:6:0:5/=2), (0:0:V5:1:1),
(5:0:0:0:v=5), (2V10: =v10:0:2:0), (0: vV/=10:0:0:2).

7.3. A degree 4 del Pezzo surface with index 4.

Theorem 7.6. There exists a del Pezzo surface X of degree 4 over a field k of characteristic
0 such that X has index 4.

Proof. Let ky be an algebraically closed field of characteristic 0. For ¢ = 1,...,2¢, set
ki == ki_1((t;)) and set k := koy. By a result of Lang and Tate [LT58, p. 678], if A/kg
is an abelian variety of dimension ¢ and n is an integer, then there exists a torsor under
Ay = A x4, Spec(k) of period n and index n?. In particular, if C'/kq is any genus 2 curve,
then there exists a torsor under the Jacobian J = Jac(Cy) of Cy of period 2 and index 16.
Since C' is defined over the algebraically closed field kg, it has a rational Weierstrass point
over k. As observed by Flynn [Fly09], and worked out in detail by Skorobogatov [Skol0], if
Jy is a 2-covering 7y : Jy — J (i.e., a twist of [2] : J — J corresponding to A € H'(k, J[2])),
then there are morphisms
J)\<—j)\—>Z)\—>X>\,

where J. » — Jy is the blow up of J, at 7T>T1<0 7), Zy is the desingularized Kummer variety
associated to Jy and Z, — X is a double cover of a del Pezzo surface of degree 4. In
particular, there is a degree 4 morphism J, — X. So the index of X, is at least index(J))/4,
which will equal 4 for suitable choice of A by the aforementioned result of Lang and Tate. [

Theorem 7.7. Suppose k is a number field and Y is a torsor of period 2 under the Jacobian
of a hyperelliptic curve over k with a rational Weierstrass point. The index of Y divides 8.

Proof. As in the proof of the previous theorem, the index of Y divides 4 index(X) for some
del Pezzo surface X of degree 4. The result follows from Theorem 1.1. 0J

Remarks 7.8.

(1) The conclusion of Theorem 7.7 was known to hold by work of Clark [Cla, Theorems 2

and 3| when £k is a p-adic field and when k is a number field and Y is locally soluble.
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(2) Arguing as in the proof of the theorem we see that the Kummer variety 7, has index
dividing 4 when k is local or global field. This is lower than one would expect, given
that Z, is an intersection of 3 quadrics in Pj.

(3) The result of Lang-Tate quoted in the proof above shows that over general fields of
characteristic 0, there are examples where Z, and Y have index 8 and 16, respectively.

(4) In response to a preliminary report on this work by the authors, John Ottem sug-
gested the following alternate proof of Theorem 7.6. Let Y be an intersection of two
general (2,2) divisors in P2 x P4 over C, so that, by the Lefschetz hyperplane theorem,
restriction gives an isomorphism H*(P? x P* Z) 5 H*(Y,Z). Note that the generic
fiber of the first projection is a del Pezzo surface of degree 4 over k(IP?). Hence any
threefold V' C Y can be expressed as aH? + bH,Hy + cH3, where H; denotes the
pullback of O(1) under the projection 7;. Then the degree of V — P3 is given by

V.H? = V.H} X = (aH} + bH Hy + cH3).H; .(2H, + 2H,)?,

which must be divisible by 4. Thus Yy sy has index 4.

This construction suggested by Ottem generalizes to arbitrary complete intersec-
tions. Namely, given a sequence of degrees (dy, ..., d,) and an ambient dimension N,
one can consider an intersection of general (dy,d;), (d2, ds), . .., (d,, d,) hypersurfaces
in PM x PNV, If M > N — r, then the same argument as above yields a (dy,...,d,)
smooth complete intersection Y C IP’{{V(PM) with index dids - - - d,.

(5) After viewing an early draft of this paper, Olivier Wittenberg shared a correspondence
of his from 2013 that provides yet another construction that proves Theorem 7.6. Wit-
tenberg uses degenerations to geometrically reducible quadrics to construct complete
intersections of n quadrics with index 2" [Wit13].

7.4. The index of a degree d del Pezzo surface. The following table gives sharp upper
bounds for the indices of degree d del Pezzo surfaces over local fields, number fields and
arbitrary fields of characteristic 0. The entries in the column d = 4 are a consequence of the
results in this paper, while for d # 4, they can be deduced fairly easily from known results
as described below.

| d9[8[7]6 \5\4 [3[2[1]
k arbitrary | 3[4 |1(6 14 [Thm. 7.6] |3 |21
k a number field | 32|16 12 [Thm. 1.1] |3 2|1
kalocal field | 321 |20r3|1|2[Thm. 1.1] 3|21

When d =9, Y is a Severi-Brauer surface and so the index of Y divides 3 and examples
of index 3 exist whenever Br(k) contains an element of order 3.

When d = 8, Y = Resy/,(C) is the restriction of scalars of a conic C'//L defined over a
degree 2 étale algebra L/k [Pool7, Prop. 9.4.12]. Since the conic has a point over some
quadratic extension L'/ L, the index of Y divides 4 and over general fields there are examples
with index 4. Over local and global fields however, the index must divide 2. Indeed, in
this case C' will have a point over a quadratic extension L'/L of the form L' = k' ®; L for
some quadratic extension k’/k. The universal property of restriction of scalars then gives
Y (k') # 0, showing that the index divides 2

When d = 7, Y(k) # () over any field k£ and so the index is always equal to 1. The same

applies to d = 1,5 (see, e.g., [Pool7, Thm 9.4.8 and Section 9.4.11]).
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For d = 6, Y is determined by a Gal(L/k)-stable triple of geometric points on a Severi-
Brauer surface S/L over a quadratic étale algebra L/k such that if S 2 P% then the class of
S in the Brauer group does not lie in the image of Br(k) — Br(L) [Cor05]. If k is a local
field and L is a quadratic field extension, then the map Br(k) — Br(L) is an isomorphism,
so either S = P% (in which case Y has index dividing 2) or L = k x k in which case the index
of Y divides 3. One can construct examples of index 6 over number fields, by arranging to
have index 2 at one completion and index 3 at another.

For d = 3 and k local, index 1 implies the existence of a k-rational point [Cor76], and so a
cubic surface without points over some local field has index 3. This gives examples of index
3 over number fields as well.

For d = 2, index 2 examples can be obtained by blowing up a degree 4 del Pezzo surface
of index 2 at a quadratic point. By Theorems 1.1 and 1.2, any del Pezzo surface of degree 4
without points over a local field gives such an example. The surface considered in Section 7.2
gives an example over a number field.
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