ON SINGULAR MODULI FOR ARBITRARY DISCRIMINANTS
KRISTIN LAUTER AND BIANCA VIRAY

ABSTRACT. Let d; and ds be discriminants of distinct quadratic imaginary orders Oq4, and
Oy, and let J(dy, d2) denote the product of differences of CM j-invariants with discriminants
dy and dy. In 1985, Gross and Zagier gave an elegant formula for the factorization of the
integer J(d1,d3) in the case that d; and ds are relatively prime and discriminants of mazimal
orders. To compute this formula, they first reduce the problem to counting the number of
simultaneous embeddings of O4, and O, into endomorphism rings of supersingular curves,
and then solve this counting problem.

Interestingly, this counting problem also appears when computing class polynomials for
invariants of genus 2 curves. However, in this application, one must consider orders Og4, and
Og4, that are non-maximal. Motivated by the application to genus 2 curves, we generalize
the methods of Gross and Zagier and give a computable formula for ve(J(dy,d2)) for any
pair of discriminants d; # ds and any prime ¢ > 2. In the case that d; is squarefree and ds
is the discriminant of any quadratic imaginary order, our formula can be stated in a simple
closed form. We also give a conjectural closed formula when the conductors of d; and ds
are relatively prime.

1. INTRODUCTION

Let dy and ds be discriminants of distinct quadratic imaginary orders and write

J(dy,ds) := H (J(m1) = j(72)),

[Tl ] ) [7-2}
disc 7;=d;

where [7;] runs over all elements of the upper half-plane with discriminant d; modulo SLs(Z).
In 1985, under the assumption that d; and dy are relatively prime and discriminants of

8
mazximal orders, Gross and Zagier showed that J(d;, dy) ™12 is an integer and gave an elegant
formula for its factorization.

Theorem. | , Thm. 1.3] Let dy and dy be two relatively prime fundamental discrimi-
nants of imaginary quadratic fields. For any prime p dividing a positive integer of the form

didy — 2, choose i such that pt d; and define e(p) = (%), and extend the definition of € by
multiplicativity. Then

s didy — 22
J(dy,dy)m= =+ [ F (%)

TEL,|z|<d1d2
r=d1do mod 2
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where F(m) = H n ™™ and w; denotes the number of roots of unity in the quadratic
nlm,n>0
imaginary order of discriminant d;.

Although it is not obvious from the definition, F'(m) is a non-negative power of a single
prime. More precisely, F'(m) is a non-trivial power of ¢ if ¢ is the unique prime such that
ve(m) is odd and €(¢) = —1, and F(m) = 1 otherwise. This fact gives a particularly nice
corollary, which can be thought of as saying that J(d;,dy) is “highly factorizable.”

Corollary. | , Cor. 1.6] Let dy and dy be two relatively prime fundamental discrimi-
nants. Assume that ¢ divides J(dy,ds). Then (d71) , (dTQ) # 1 and ¢ divides a positive integer

dydo—2?
of the form SE2=%.

A factorization formula for J(dy, ds), without assumptions on d; and dy, would have im-
portant applications to the computation of minimal polynomials of Igusa invariants of CM
abelian surfaces. In contrast to the case of genus 1 curves, these minimal polynomials do
not have integer coefficients, and the denominators of the coefficients cause difficulty in the
computation of these polynomials. As explained in [[.V], the computation of the denomina-
tors can be reduced to counting the number of pairs of elements of a given norm and trace in
certain maximal orders in a quaternion algebra. As becomes apparent in the proof in | ],
this counting problem is essentially equivalent to a factorization formula of J(dy, ds), where
dy and dy are the discriminants of the elements in question.

The discriminants that arise in the study of Igusa invariants are not necessarily relatively
prime or fundamental. In particular, the results and techniques of Gross and Zagier do not
suffice for the computation of the aforementioned denominators. This motivates the focus of
this paper, which is to determine to what extent a factorization formula for J(d;,ds) holds
for arbitrary discriminants.

Before stating our main results, we must first discuss which aspects of | , Thm. 1.3] we
hope to preserve. We note that the proof of | , Thm. 1.3] implicitly gives a mathematical
interpretation of the quantities F'(m). Their interpretation is quite natural, and any nice
generalization of | , Thm. 1.3] to arbitrary discriminants should retain this property.
(This will be explained in more detail in §2.)

We prove that there is a generalization of F'(m) such that the expression for J(di,ds)
in the Theorem above holds, and that retains this mathematical interpretation and many
other nice properties of the original definition:

Theorem 1.1. Let dy,dy be any two distinct discriminants. Then there exists a function

F' that takes non-negative integers of the form %[“72 to (possibly fractional) prime powers.
This function satisfies

s didy — 22
J(dd)mm =+ [ F <%) . (1.1)

22<dydo
22=d;d> mod 4

Moreover, F(m) = 1 unless either (1) m = 0 and dy = di£** for some prime € or (2) the
Hilbert symbol (dy, —m), = —1 at a unique finite prime { and this prime divides m. In both
of these cases F(m) is a (possibly fractional) power of €.
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Remark 1.2. In most cases, F'(m) is actually an integer prime power. In particular, it is an
integer prime power if m is coprime to the conductor of d; and at least one of d; or d5 is odd.
We explain this more in Theorem 1.5. However, fractional powers do appear. For instance,
if dj = —3 and dy = —12, then F(0) = 2'/3.

Theorem 1.1 easily implies a generalization of | , Cor 1.6] for all pairs of discriminants.

Corollary 1.3. Let dy and dy be any two distinct discriminants. Assume that { divides
J(dy,ds). Then either dy = dil** for some k, or { divides a positive integer m of the form
%{ﬁ and the Hilbert symbol (di, —m),, = (dz2, —m), is nontrivial if and only if p = {. In

particular, if dy # di0* then (4), (%) # 1.

Remark 1.4. The assumption that dy # d,¢? is, in fact, necessary to conclude that (dl%) , (%2) =+
1. For example, 11 divides J(—7,—7 - 11?) even though 11 is split in Q(v/—T7).

From the proof of Theorem 1.1, we can show that there is no extension of the definition of
the quadratic character € such that F'(m) = [, n<™/™ for an arbitrary pair of discriminants
(see §2, Example 2.3). We will instead generalize a different expression of F(m) from | :

|. If —d; is prime, ds is fundamental, and ged(dy, dy) = 1, then Gross and Zagier show
that ve(F(m)) can be expressed as a weighted sum of the number of integral ideals in Oy,
of norm m/¢" for r > 0. Dorman extended this work to the case that d; is squarefree, dy
is fundamental, and ged(dy, d2) = 1. We derive an expression for v,(F'(m)) which holds for
arbitrary d; and dy and for primes ¢ > 2 which are coprime to the conductor of d;.

Theorem 1.5. Let dy and dy be any two distinct discriminants, and let m be a non-negative
integer of the form % and ¢ a fived prime that is coprime to cond(dy).

Ifm > 0 and either £ > 2 or 2 does not ramify in both Q(\/d;) and Q(v/dz), then vy(F(m))
can be expressed as a weighted sum of the number of certain invertible integral ideals in Oy,
of norm m/¢" for r > 0.

Moreover, if m is coprime to the conductor of di, then vy(F(m)) is an integer and the
weights are easily computed and constant; more precisely we have

Lom) 55 Hm /) £ cond(ds).

"Ug(F(m» = {p(m)%(m/el—f—v(cond(dz))) if £| COIld(dz), (1.2)

where e is the ramification degree of £ in Q(\/dy) and

o(m) = {0 if (dy,—m), = —1 for pldi,p 1 fit,

2#{p|(m7d1):p+f2 or p:@} Otherwise’
N(b) = N, b invertible,
QI(N) :# bgOCh: p'fbel" aHp|(N7f2)7p+€d1
p* 1 b for all p|p|(N, fo,d1),p # ¢

If m =0, then either v,(F(0)) = 0 or dy = d1£** and

wl(F(0)) = = - # Pic(Oy,).

w1
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Under the same assumptions as in Theorem 1.5, formula (1.2) has an equivalent formula-
tion as a product of local factors, see Proposition 7.12 in §7.

Theorems 1.1 and 1.5 combine to give a formula for vy(J(dy,dy)) for any pair of discrimi-
nants d; # dy and any prime ¢ > 2. Under certain conditions this formula simplifies further:

Corollary 1.6. Let ¢ be a prime and let dyi,ds be any two distinct discriminants. Assume
that either dy is squarefree or £ > 2 and for all x = dydy mod 2 with x® < dids, we have
either

didy — 22 2 _did
ged (cond(dl), %) =1, or (dl, %) = —1 for some p # /£.
p

Then we have

s Lo(my) S o Almg /") if £t cond(dy)

J(dy,dy)mw2) = H € T2l * ’ 1.3

A {p(mx>m<mx/el+v“°nd<d2>>> it oond(ds),
22=d;ds mod 4

where my, = dldi—_ﬁ and H = 0 unless dy = di0** for some k > 0, in which case H =

wll : # PiC(Odl).

We conjecture that Theorem 1.5 holds even in the case that ¢ = 2 ramifies in both Q(+/d;)
and Q(v/dy). However, the existence of multiple quadratic ramified extensions of Q4" causes
difficulty in one of the steps of the proof, namely the proof of Proposition 8.1. It may be
possible to get around this difficulty in our approach by a long and detailed case-by-case
analysis. We did not undertake this analysis, and it would be interesting to determine a
better method.

More generally, the local factor description of (1.2) that is given in §7 suggests a conjecture
for any pairs of discriminants whose conductors are relatively prime.

Conjecture 1.7. Let dy and ds be two distinct discriminants with relatively prime conduc-
tors. Write f for the product of the two conductors and for any prime p, let dgy € {di,ds}
be such that p { cond(d,)). Then, for any prime ¢

( d
1+Up(m) % :17pj(f’
v(J(d,d)?) =H+ > elw) J] S Plj(ma (d), —m)p =1,pt f
| #2<dids plmepzt | 1 (%) =—1,p1 f,v,(m) even or
zr“=d1d2 mod 4
pld), (dp), —m)p = 1,plf, vp(m) =2

0 otherwise,

where H, m, are as above and
ve(m,) if 0 f, 0ldy

(ve(mg) + 1), if £1 fdgy, ve(m) odd,

«(z) = if £ 1 dp), ve(m) even,

— O Nl

otherwise.



We verified this conjecture with Magma for all pairs of discriminants with relatively prime
conductors and |d;| < 250.

1.1. Related previous work. In 1989, Kaneko| | generalized part of | , Cor.
1.6] to arbitrary discriminants. More precisely, he proved that if d; and dy are arbitrary
discriminants and ¢ is a prime dividing J(dy, dz), then ¢ divides a positive integer of the form
1(dydy — 2?). However, Kaneko did not obtain the stronger statement given in Corollary 1.3.

To the best of our knowledge, the only previous generalization of Theorem | , Thm.
1.3], conjectural or otherwise, was given in 1998 by Hutchinson. Hutchinson put forth
conjectural extensions of the Gross-Zagier formula | | in the case that the ged of dy
and dy is supported at a single prime p that does not divide either conductor. While his
formulations are very different from ours, we checked that the two formulas agree in many
cases.

One of the contributions of the present paper is a generalization of Dorman’s theory of
maximal orders in a quaternion algebra with an optimal embedding of a maximal imaginary
quadratic order | |. We generalize this theory to include imaginary quadratic orders
which are not maximal. The first author, together with Goren, generalized Dorman’s work
in a different direction, to higher-dimensional abelian varieties, by giving a description of
certain orders in a quaternion algebra over a totally real field, with an optimal embedding of
the maximal order of a CM number field | |. Since that work does not apply to optimal
embeddings of non-maximal orders, it is neither weaker nor stronger than the generalization
we give in this paper.

1.2. Applications. The results and techniques from Gross and Zagier’s paper have had a
number of applications over the years. For instance, | , Cor. 1.6] gives simple conditions
which ensure that certain values of the j function are relatively prime to all sufficiently large
primes. This has been used to bound the number of rational points on certain modular
curves | , Thm. 6.2] and to determine which twist of an elliptic curve to use for the CM
method | , pp-554-555]. In a different direction, the techniques of the paper have appli-
cations to CM liftings of supersingular elliptic curves. More precisely, work of Elkies | ]
combined with | ] shows that liftings of supersingular elliptic curves over Fy to elliptic
curves with CM by a maximal order O are in bijection with embeddings of O into maximal
orders of By ., the quaternion algebra ramified at ¢ and co. Furthermore, the work of Gross
and Zagier together with work of Dorman | | gives a count for the number of such
embeddings.

We expect the results in this paper to lead to similar applications. Indeed, Corollary 1.3 has
already been used in work of Dose, Green, Griffin, Mao, Rolen, and Willis to study integrality
properties of values at CM points of a certain non-holomorphic modular function | ].

In a different direction, as mentioned above, new applications in arithmetic intersection
theory are given by the present authors in [[.V], where the results on counting embeddings
of non-maximal orders presented here in Sections 6 and 7 are used to give formulas for
the denominators of Igusa class polynomials. We note that in both of these examples the
results and techniques of Gross and Zagier and Dorman are not sufficient; results on non-
fundamental discriminants and pairs of discriminants with a common factor are needed.

1.3. Outline. We prove Theorem 1.1 in §2. The rest of the paper will focus on the proof

of Theorem 1.5. In §3.1, we give a high-level overview of the whole proof and explain the
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differences between the general case and the cases treated in | , ]. In §3.2 we
explain how various propositions and theorems come together to prove Theorem 1.5, and
point the reader to the individual sections where each proposition or theorem is proved.

1.4. Notation. Throughout, ¢ will denote a fixed prime. By discriminant we mean a dis-
criminant of a quadratic imaginary order. We say a discriminant is fundamental at a prime
p if the associated quadratic imaginary order is maximal at p, and we say a discriminant is
fundamental if it is fundamental at all primes p. _

For a discriminant d, we write f for the conductor of d, and let d denote de—2() Note
that d is fundamental at . For most of the paper, we will concern ourselves with two fixed
distinct discriminants dj, da; in this case, the above quantities will be denoted fi, fo and
dl, d2 respectively. We write s; := v(f;).

We denote quadratic imaginary orders by O and write Oy for the quadratic imaginary
order of discriminant d. We set wy := #0O, and wy := #(’)g. The notation w;, w; will refer
to the special case d = d;. If ¢ is ramified in O, then [ will denote the unique prime ideal
in O lying above £. We write © for the principal ideal generated by v/d. In §5, we will give
background on quadratic imaginary orders, and fix some more notation there.

Let H; denote the ring class field of Oy, and let }NIdi =H @ Let u; denote a prime of Oy ds
lying over . When (1 fi, we let W denote Oy 401 and let 7w denote a uniformizer of W.
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2. PROOF OF THEOREM 1.1

By | , §85,6], there exists a number field K such that, for every prime ¢ and every [7]
of fixed discriminant d, there exists an elliptic curve £//Ok with good reduction at all q|q
such that j(E) = j(r). More specifically, we may take K to be the ring class field of Oy,
unless d = —3p?* or —4p?* for some prime p and positive integer k. In that case, we may
assume that K is a finite extension of the ring class field of O4 ramified at p.

For each i, let L; be the ring class field of O, if d; # —3p*, —4p** for some prime p. If
d; = —3p** or —4p** | let L; be the minimal (finite) Galois extension of the ring class field of
Og4, such that the above properties hold. Let L be the compositum of L; and Ly and let Op,
be the ring of integers. Then, by the discussion above, for every [r;] of discriminant d; and
every prime ¢, there exists an elliptic curve £/O with good reduction at all q|q such that
J(E) = j(m); we call let E(7;) denote such an elliptic curve.

Fix a rational prime ¢ and a prime pu of O lying over £. Let A be the ring of integers of
L7, Then, by [ , Prop 2.3|, we have

vu(i(71) = j(72)) Z#IsomA/u (E(n), E(72))
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for all [7;] of discriminant d;. Write E; for E(7;). Since 7; is an algebraic number of discrim-
inant d;, we have an isomorphism O, = End(E;), and an embedding

Od,- = End(EZ) — EndA/,u(Ei)-

For any g € Isoma/,(E1, Ey) we obtain an isomorphism Endya,,(E>) = Enda/.(E1) by
conjugating by g. Thus we have an embedding (that depends on the choice of g) of Oy, —
EndA/u(E1)~

Definition 2.1. Let 1: O — R be a map of Z-modules. We say this map is optimal at p if
(1l(0)®Q,) N R =1(0),
where the intersection takes place inside of R ® Q,

Proposition 2.2. Let E be an elliptic curve over A that has good reduction and that has
CM by an order O. Write Eqg for the reduction of E. Then the embedding

End(E) — End(E,)
is optimal at all primes p # (. It is optimal at £ if and only if O is mazximal at /.

Proof. 1f E has ordinary reduction, then this is a well-known result, see, for example | ,
§13, Thm. 12]. Assume that F has supersingular reduction. We write F,, for E mod p"+!
and let ¢ € End(Ej) be the image of a generator of O. By | , Chap. II, Lemma 1.5]
there is a unique maximal order in End(Ey) ® Q, which consists of all integral elements.
Therefore, the order (End(F) ® Q) N End(Fy) must be maximal at ¢, and so the embedding
End(E) < End(FE)) is optimal at ¢ if and only if End(F) = O is maximal at .

By the Grothendieck existence theorem | , Thm 3.4], we have that

End(E) — lim End(E,)

is a bijection. So to complete the proof, it suffices to show that any element of End(E)NQ(¢)
lifts to an element of End(E,) ® Z[1/{] for all n > 0. Let ¢ € End(Ey) N Q(¢). We may
Write_@Z) = f% (a + b¢) for some a,b, f € Z, k € ZZO,_Where ¢4 f. Since ¢ € im(End(E) —
End(Ey)), both ¢ and a + b¢ are endomorphisms of F,,, and of T',,, the ¢-divisible group of
E,. The endomorphism ring End(T',,) is a Z,-module, so (% = %(a + b¢) is in End(T,).

Thus, by Serre-Tate | , Thm 3.3], ¢ € End(F,)®Z[1/{]. This completes the proof. [

This proposition shows that ¢|J(dy,dy) only if there exists a 7; such that there is an
optimal embedding Oz < Enda/,(E(r1)). Given such an optimal embedding, we can
consider the sub-order R of End,/,(F:) that is generated by the images of Oy, and Og,. A

2
calculation shows that the discriminant of R is (dld24—_$2> for some x € Z with 2% < dydy

and dydy = 2% mod 4. .
For any non-negative integer m of the form dld%‘”, we define F'(m) to be the unique ideal
in Oy, such that for all rational primes ¢ and all primes pu|¢ in Oy,

4
v (F(m)) = G E E #{f € Isoman(E(11), E(72)) : disc(R) = m*},
[r] >l
disc(7;)=d;



where R is the suborder of Endy,,(E(71)) described above and C' = 1 if 4m = did, and
C = 2 otherwise. (The presence of this C' scalar is to agree with the convention set in | ].
Since Gross and Zagier take the product over z-values, for every m # dydy/4 the value F'(m)
appears twice in the product, once from x and once from —z.) From this definition and the
previous discussion it is clear that

didy — 22
2 1ds
Jdd)?=+ [[ F (T)

z2<dyda
z2=d;ds mod 4
In addition, the condition defining F'(m) is Galois invariant, so v,(F(m)) = vy (F(m)) for
any i, i/ lying over the same prime /.

Assume that F(m) is non-trivial. So there exists a prime ¢ and an elliptic curve E/F,
with embeddings ¢;: Oy, — End(F) such that the images of +; and iy generate an order
R of discriminant m?. The endomorphism ring End(E) is either an order in a quadratic
imaginary field, or a maximal order in the quaternion algebra By ., ramified only at ¢ and
oo [ , Chap. 13 §2]. Since a maximal order in a quaternion algebra has no suborders

of rank 3, if m = 0, then R must be a rank 2 Z-module. Since O is optimally embedded in
End,/,(E(m)) this implies that di = dy, i.e. that dy = d¢?* for some k € Zigp.

Now consider the case when m is nonzero. Then R is rank 4, and thus R ®z Q is By,
the quaternion algebra ramified only at ¢ and oco. A straightforward calculation, which does
not depend on ¢, shows that

Renoe Q) . Qli.g)

2=dy, 2= —m,ij = —ji 2=dyj2=—m,ij = —ji

Since this quaternion algebra is ramified only at ¢ and oo, this implies that the Hilbert
symbol (dy, —m), = (ds, —m), = 1 if and only if p # ¢. In addition, ¢ divides the reduced
discriminant of any order in By, so ¢/m. Since F(m) is a Galois invariant fixed ideal
supported only at primes lying over ¢, we may consider F(m) to be just a fractional power
of ¢. This completes the proof of Theorem 1.1. O

Example 2.3. Assume that there is a quadratic character e that is defined on every prime
p that divides a positive integer of the form i(d1d2 — 2%). In addition, we assume that if
p1ged(dy,ds) and if p 1 fi fo, then €(p) agrees with the definition in | , Thm. 1.3], and
that

dldg — 1'2

. (2.1)

H n<m/m - where m =

n|m,n>0
Consider the following example. Let d; = —3-7-11 and dy = 5d;. We will study the cases
where x? = 33% and 992, i.e. when m = 3211261, and 311259 respectively. Equation (2.1)

shows that
v3(F(3211%61)) = v3(F(3%11%59)) = (4 + 2¢(3))(1 + €(11) + €(11)?),
v11(F(3%11%61)) = v (F(3%11259)) = (4 + 2¢(11))(1 + €(3) + €(3)?),
ve1 (F(3%11%61)) = wso(F(3%11259)) = (1 + €(3) + €(3)*)(1 + €(11) + €(11)?).

On the other hand, we can also calculate F'(m) using the results in the proof of Theo-

rem 1.1. Theorem 1.1 implies that F(3211%61) is supported only at 3 and that F'(3%11259) is
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supported only at 11. Moreover, the proof gives a method of determining whether F'(m) is
a nontrivial power of 3, or 11 respectively, and the calculation shows that this is indeed the

case. But the above expressions show that either 3 divides both F'(3211%61) and F'(3*11259),
or it divides neither, which gives a contradiction.

3. OVERVIEW OF PROOF OF THEOREM 1.5

Henceforth, we fix a non-negative integer m of the form W and a prime ¢, and we

assume that £ 1 f;. We retain the notation fixed in §2. Recall from §2, that

ve(F(m)) = e(p/ )~ Z > #{f € Isomum (E(1), B(r)) : disc(R) = m®} .

n>1
dlsc(n) d;

wa

3.1. High-level strategy. As discussed in §2, an element of f € Isomy,,» gives rise to
an embedding of Oy, < Enda»(£(71)) that is optimal away from ¢. We first show that
the problem of counting elements in U, Isom,,»(E(7), E(72)) is equivalent to counting
elements in End 4, (E(71)) that have a fixed degree and trace and have a fixed action on the
Lie algebra. To compute these elements we give detailed constructions of the endomorphism
rings End 4/, (£(71)), and show that the endomorphisms of a fixed degree and trace are in a
finite-to-1 correspondence with ideals in Oy, of a certain norm. We then classify how many
of these endomorphisms have the desired action on the Lie algebra.

This high-level strategy is the same as that employed by Gross and Zagier in the case that
—d; is prime, dy is fundamental, and ged(dy,ds) = 1, and, soon after, by Dorman in the
case that d; is squarefree, ds is fundamental, and ged(dy, dy) = 1. However, the general case
presents significantly more technical difficulties, which is perhaps not surprising, as it has
been over 20 years since Gross-Zagier and Dorman published their papers.

First, the straightforward generalizations of the constructions of the endomorphism rings

Enda/»(E(71)) given in | , | to the case where d; = 0 (mod 4) and p a prime
of characteristic 2 completely fail, even if d; is fundamental. If d; is not fundamental,
then many arguments in | , | fail since the localizations of Oy, are not necessarily
discrete valuation rings. In addition, the descriptions of the constructions given in | | in

the case that d; is squarefree and ¢ is ramified were incomplete and the proofs were omitted.
We give a construction that works generally for all d;, not necessarily fundamental, and all
primes ¢ regardless of the splitting behavior of /; see §6 for more details.

The next difficulty arose in studying the elements of the endomorphism rings; this study
takes place in §7. The elements of these endomorphisms rings give rise to a study of ideals
in Oy4,, an order that is not necessarily maximal. This leads to difficulties in two ways. The
first is that, in the Picard group of a non-maximal order, we can no longer assume that
every 2-torsion element is represented by a ramified prime ideal. The second is that there
are many more invertible ideals of order p" for n sufficiently large when p|f; than in the
usual case.

The last point of difficulty is in determining the action on the Lie algebra in the case that
d; and dy share a common factor. If d; and ds are relatively prime, the action is almost
trivial to compute. Indeed, this step in | ] was dealt with by a one line argument. The

general case is significantly more involved; see §8 for more details.
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3.2. Detailed outline of proof. Assume that d; is fundamental at ¢ and that either ¢ {
ged(dy, dy) or that £ > 2. Let W be the maximal order of Q,(1/d;)"™; we write 7 for the
uniformizer of W. Let E/W be an elliptic curve with CM by Oy, and with good reduction.
Note that the formula for v,(F'(m)) is local, and remains unchanged by unramified extensions
so we may replace L with L7™. Further we may assume that L is the minimal extension of
Q™ such that every elliptic curve with CM by Oy, for ¢ = 1,2 has good reduction at .

As discussed above, we will relate the elements of Isomy,,» to certain endomorphisms.

Fix 6 € A a fixed root of 422 — 46722 + (3;2 — d;, and § := (528 — %652672(1 — ¢%2). (Note that
with this definition § satisfies 422 — 4dyz + do® — dy.) Now consider the following subsets of
EHdA/un (E) .

| ¢ €Endyym(E): ¢ — dop + L(d2 — dy) = 0,
Su(E[A) = { Y Z[gb] t—2> EncilA/;(E) ?)ptimal away from ¢ }
e _ ) oS (E/A): ={"%¢y + 1d (1 —¢*) =4 in Lie(E mod p)
Sy (E/A) '_{ gb_éln L016<EII210d,u) }

In §4 we show that

—~ # Pic Od2 (31)

W2 g Pio0 )#SL‘Q( ) otherwise.

Z # Isomy (B, E(72)) =

T2

{0 if £|f, and n > 1,

In order to relate vy(F(m)) to the cardinalities of SM°, we must first partition these sets

n

by m; recall that ve(F(m)) counts isomorphisms that give rise to a suborder of End(FE) of
discriminant m?. We define:

Snm(EJA) = {¢ € S,(E/A) : disc(Oy,[¢]) = m*}
Sy (EJA) := Spm(E/A) N SL(E/A).

From the definition of F'(m) and (3.1), we see that

Cwy Zn D n>1 #SLie (E(m)/A) if £1 fa,
e = { O s st @) O
where C = 1 if 4m = dyds and C = 2 otherwise.
Next we relate #S)5'¢ (E/A) to #5,(E/A) using the following result from §8:
: Lie _ #Sl(E(Tl)/W> if g‘&;’
: Lie _ Z #S ( (Tl)/W) 1f£)fdla£|6727
and i EL o Zn: o Bn)A) = { 1SN s (B(r)/W) it ldsor ety D

10



Together with (3.2), these expressions yield

'zﬁ S ot #Snm(B(7) /W)

if 04 fody and (|ds

Cun I Zn>1 #Sp m(E(11) /W) if 04 f, and either £ dy or £|dy,
e(p/0)v(F(m)) =  w2#Pic(Oay) g WY if ol h d
4 'LUQ#P]C(O 27'1 # 1 m( (7-1)/ ) 1 |f2a 2

WoH# PlC(Od2

TP Lors # 51 (B () /W) if €| f, 01 dy.

(
3.5

Now we turn to the computation of e(/f); recall our running assumption that either €( > %
or £t ged(dy, dy). Note that since d; is fundamental at ¢, L = Ly™(\/dy). Moreover, if (|ds,
then v/d, € Ly, and if {1 f5, then the only ramification comes from that of Q(v/dy, v/dz)/Q.
Assume that € | fo. By local class field theory and | , Theorem 9(2)|, the ramification
degree of L/Q™ (v/dy) is 052 if |dy, (71 (0 + 1) if £ in inert in Q(v/dz), and £271(0 — 1) if ¢
is split in Q(v/ds). By | , Theorem 7.24], this is equal to % - (# Pic(Og,)/# Pic(0y)).

Thus, we have:
(

1 lfg*dld%

2 if £|dydy, L1 fo,
e(u/l) = < % it 01, do.

wa# Pic(O, . ~

szzTchZ) if £|fa, L1 dy.

Combining this with (3.5), we obtain:

Ot () = { T S #9un(E)/A) LS

2 S 45H (B(n)/A) i (], (36)

It remains to compute ) #S, . (E(11)/A).

Lemma 3.1. Let m = 0.
#Sno(EJA) = 2.

Proof. When m = 0, then S, ,,,(E/A) consists of elements in Oy, with trace dy and norm
i(d% — dy). In addition, the order generated by these elements must be optimally embedded
at p # (. Thus #5S5,,0(E/A) = 0, unless dy = d1£*, in which case #S5,0(E/A) = 2. O

Then #Sno(E/A) = 0, unless dy = di(*, in which case

When m # 0 we will compute »__ #S, n(E(71)/A) by giving an explicit presentation
for Endy /-~ (£)(§6), and then use this presentation to relate the elements of S, ,,(E/W) to
integral invertible ideals of norm m/¢~", where r = 2n — 1 if £ is inert in Q(v/dz) and r = n
otherwise(§7). More precisely we will prove in §7:

Theorem 3.2. Assume that £ { fi and that m # 0. Then Y _ #Snm(E(11)/W) is equal
to an explicitly computable weighted sum of the number of certain invertible ideals of norm
0~"m, where r = 2n—1 if £ dy and r = n otherwise. If, in addition, m and fi are relatively

prime, then
2 #5unl 5

2

E(n)/W) = ——=p(m)2A(£7"m),

11



where

_Jo if (dy, —m), = —1 for pldi,p1 fil,
p(m) = o#pl(modr):ptfz or p=t}  ntherwise.

and

N(b) = N, b invertible,
RU(N) =74 bC Oy : ptbforall plged(N, fa),p 1 bdy
p® 1 b for all p|p|gcd(N, fo, d1),p # ¢

We will also prove in §7 that p(m)A(¢~"m) can be expressed as a product of local factors.
This completes the proof of Theorem 1.5. O

4. RELATING Isomy,,» TO S

We retain the notation from the previous section. From now on, we assume that ¢ { fi.
In this section, we prove

Proposition 4.1. Let E be any elliptic curve over A with good reduction such that E = Oy, .
Let dy be a quadratic imaginary discriminant different from dy. Then

0 if £|fy and n > 1,
Z#IsomA/#n(E,E(TQ)) =

T2

@iiiz #SLle( ) otherwise.
where ey(p/l) is the ramification degree of L™ over the completion of the ring class field of
Og, at the restriction of p.

Proof. Assume that ¢|fy. By | | and by comparing ramification degrees of ¢ in Ly and
in Hg, we see that Isomy . (E, E(rp)) = @ for all 7 of discriminant dz. Henceforth, we
restrict to the case that £ ffaorn=1.

Let E' = E(7y) for some 75. Assume that Isomy,,»(E, E') # @, and let g € Isom g/, (E, E').
If ¢ € End(E') is the unique element such that ¢(¢’) = ¢ in Lie(E’), then 09 := g1 ofo
g € End(E mod p") has degree equal to (d3 — dy), trace equal to dp, and 6 = ¢ in
Lie(E mod p™). In addition, the order Z[6"] is p-optimally embedded in End(FE mod p) for
all p # ¢ by Proposition 2.2. If p = ¢, then 6’ := (=26’ + %c@(l —(*?) € End(E' mod p) and
(0, c(g’g) are equal to ¢ in Lie(E’ mod y), Lie(E mod p) respectively. Therefore, we have
a set map

JIsomayun (B, E(72)) — SF(E/A). (4.1)
[72]
Further, this map is surjective by the Serre-Tate lifting theorem | , Thm. 3.3], the
Grothendieck Existence theorem | , Thm. 3.4], and the existence of canonical and
quasi-canonical liftings (see | ] in the supersingular case and | , Prop. 3.5] in the

ordinary case). To complete the proof, we must determine the size of a fiber.
Let g € Isomyu,n(E, E'). Then the pairs (E” = E(73),¢" € Isomy,,n(E, E”) such that
§"9" = ¢'9" is in bijection with isomorphisms f: E' mod u* — E” mod pu" such that the
12



diagram

n

E" mod p™ Y E'mod 1

| g

E" mod p" . E" mod 1

n

commutes. In particular, if 6’9" = 9"9" then the diagram commutes when n = 1 with ' and
0" replaced with ¢ and 0” respectively. By | , Prop. 2.7], there exist # Pic((’);l;) distinct
isomorphism classes of pairs (£’ mod p, " € Endy/,(E')). In particular, these isomorphisms
classes correspond exactly to the isomorphism classes (E',6 € End(E')). So the above
diagram commutes for arbitrary n if and only if it commutes for n = 1. (Recall if | f5, then
we need only consider the case n = 1.)

Now it suffices to consider the case where £/ = E”. In that case, we are interested in
determining the number of automorphisms of £’ mod p™ which commute with 6. Since the
centralizer of 6’ is exactly Q(6") N Enda/un(E"), there are exactly wy such automorphisms.
In summary, the fibers have cardinality

1 —
# PiC(Oa;) et

which completes the proof. 0

# PiC(OdQ) .

5. BACKGROUND: QUADRATIC IMAGINARY ORDERS

Let O be an order in a quadratic imaginary field, and let d be the discriminant of O. Let
a be an ideal in O. If O is not maximal, then we can not necessarily write a uniquely as a
product of primes. However, we can always write a uniquely as a product of primary ideals
where no two ideals in the factorization are supported at the same prime. Precisely, for any
prime p, define a, := O N aO®,. Then a = ﬂp a,, and since for any 2 distinct primes p,q, a,
and ag are co-maximal, we have that

a=o»
p

(See | , Prop 12.3] for more details.) If there is a unique prime p C O lying over p,
then we will often write a, instead of a,.

We will often be concerned with the special case where a = © = /dO. If pld is odd,
then for a,b € O, the difference a — b € D, if and only if Tr(a) = Tr(b) (mod p*»@). If
p = 2|d, then a — b € D, if and only if ag = by (mod 2°2D~1) and a; = b; (mod 2), where
a:OLOqLal%8 andb:bg—l—bl%a.

5.1. The Picard group. The Picard group of O, denoted Pic(Q), is the group of invertible
fractional ideals modulo fractional principal ideals. It is isomorphic to the form class group
C(d), the group of classes of primitive positive definite forms of discriminant d | , 87].
We will use this isomorphism to determine whether there exists an ideal in 2 Pic(O) of a
certain norm. For more information on genus theory, i.e. the study of Pic(Q)/2Pic(O),

see [ .
13



Let pi,...,p; be the distinct odd primes dividing d. Define

J ifd=1 (mod4)ord=4 (mod 16),
k=4qj+1 ifd=8orl12 (mod16)ord=16 (mod 32),
j+2 ifd=0 (mod 32).

For i =1,...,j, we define x,,(a) := (pi) for a coprime to p;. For a odd, we also define

a—1

X_a(a) :=(=1)7 xs(a) := (—1)GT7l . Then we define ¥: (Z/dZ)* — {&1}* as follows.
(

(Xp1s- - Xp;) ifd=1 (mod4)ord=4 (mod 16),
(Xp1s -+ -+ Xpj> X—4) ifd=12 (mod 16) or d =16 (mod 32),
V=< (Xp1s- - Xpjs X8) if =8 (mod 32),
(Xp1s- -+ Xp;» X—aXs) ifd=24 (mod 32),
L(Xp1s -+ Xpy» X—a,x8)  if d=0 (mod 32).

For a prime p that divides d, but does not divide the conductor f of O, we define

Xpi lfp:pza
I P ifp=2and d=12 (mod 16),
T ) xs ifp=2andd=28 (mod 32),

X-4-Xs ifp=2andd=24 (mod 32).

Let \/I}p be the projection of ¥ on the components that are complementary to the one that
appears in W,

For pt f, we may extend W, to integers divisible by p by defining W,(n) to be the Hilbert
symbol (d, n),, for any integer n. Thus we can extend ¥ to (Z/fZ)”, where f denotes the
conductor of O.

This map ¥ can be used to test when an ideal a that is prime to f is a square in the
Picard group.

Theorem 5.1 (] , §83&7]). For any positive integer m prime to the conductor f of
Oy, there exists an invertible ideal a such that N(a) = m and [a] € 2Pic(Oy) if and only if
m € ker V.

From this theorem, we can easily obtain the following corollary.

Corollary 5.2. Let ¢ be a prime that divides d, but does not divide the conductor f. Let a
be an invertible integral ideal that is prime to the conductor. Then [a] € 2Pic(O) if and only

if N(a) € ker ;.

Proof. Define ¢: (Z/fZ)* — {£1} to be such that for any positive integer m that is coprime
to f, ¥(m) =1 if and only if there is an ideal in O of norm m. Using quadratic reciprocity,

one can check that
p(m) =[] p(m).

pld

From this it is clear that N(a) € ker U, if and only if N(a) € ker ¥, which completes the
proof. O
14



5.2. Genus class of ideals supported at the conductor. Unfortunately, the map ¥
cannot be extended to all integers while still retaining the properties described in Theorem 5.1
and Corollary 5.2. This is because it is possible to have two invertible ideals a, b C O, with
the same norm, such that ab™! & 2Pic(O4). This can only occur when the ideals are not
relatively prime to f.

Let a be an integral invertible ideal that is supported at a single prime p that divides
the conductor, i.e. a; = (1) for all q t p. Let @ € O be a generator for a®, such that
ged(N(a), f) is supported only at p. Then a ~ @ in Pic(O), where

a:=0,Nn()(a0,),

qtp

and N(a) is coprime to the conductor. Thus, the genus of a is equal to W(N(a)). Since
every ideal can be factored uniquely into comaximal primary ideals, this gives a method of
computing the genus class of any ideal.

6. PARAMETRIZING ENDOMORPHISM RINGS OF SUPERSINGULAR ELLIPTIC CURVES

Let ¢ be a fixed prime and let O be a quadratic imaginary order of discriminant d such
that ¢4 f := cond(d). We assume that ¢ is not split in O. Let W be the ring of integers in
Q" (v/d), and write 7 for the uniformizer. By the theory of complex multiplication | ,
§10.3], the isomorphism classes of elliptic curves that have CM by O are in bijection with
Pic(O), and every elliptic curve £ with CM by O has a model defined over W. Moreover,
by | , Cor. 1], we may assume that E has good reduction.

Fix a presentation By -, of the quaternion algebra ramified at ¢ and oo, and fix an embed-
ding L := Frac(O) — By . The goal of this section is to define, for every [a] € Pic(O), a
maximal order R(a) C By such that

(1) Rla)NnL =0,

(2) The optimal embedding O — R(a) is isomorphic to the embedding End(E(a)) —
End(E(a) mod 7), where E(a) is the elliptic curve with CM by O that corresponds
to a, and

(3) b R(a)b = R(ab).

Since we will use these maximal orders in the next section to compute the sets .S, ,,,(E(a)),
we also want the orders R(a) to be fairly explicit.

Our construction of these maximal orders R(a) generalizes the work of Gross-Zagier | ]

and Dorman | |, where they defined maximal orders with these properties under the
assumption that —d is prime | | or d is squarefree | . We treat arbitrary discrimi-
nants d, correct errors and omissions in some proofs in | |, and treat the ramified case

in detail, giving complete definitions and proofs.

Note that Goren and the first author have given a different generalization of Dorman’s
work | | to higher dimensions, which works for CM fields K, characterizing superspecial
orders in a quaternion algebra over the totally real field K™ with an optimal embedding of
Og+. That work also corrects the proofs of | |, but in a slightly different way than we
do here, and does not handle the ramified case or non-maximal orders.

6.0.1. Outline. In §6.1, we give an explicit presentation of By, that we will work with

throughout. The construction of the maximal orders R(a) depends on whether ¢ is inert
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or ramified in O. The inert case is discussed in detail in §6.2, and the construction in the
ramified case is given in §6.3. In these sections we also prove that our construction satisfies
conditions (1) and (3). While the construction of R(a) is different in the ramified case, many
of the proofs go through as in the inert case with minor modifications. Because of this,
in §6.3, we only explain the modifications and omit the rest of the proofs. In §6.4, we show
that these constructions also satisfy property (2).

6.1. Representations of quaternion algebra. Given a fixed embedding ¢: L — By,
the quaternion algebra By o, can be written uniquely as ¢(L) @ ¢(L)j, where j € By  is such
that jiu(a)j~' = (@), for all @ € L. Thus 52 defines a unique element in Q*/N(L*). From
now on, we will represent By , as a sub-algebra of My(L) as follows.

B = {l0: 0= (3 2)sase L), (6.1

Under this representation, ¢: L — By, () = [, 0].

If ¢ is unramified in O then we may assume that j2 = —{g, where ¢ is a prime such that
—{q € ker ¥ and ¢t d. If £ is ramified, then we may assume that j?> = —¢ where —q € ker {I}g,
—q & ker U, and ¢ t d. (Recall that W, \/I}g and W, were defined in §5.) In both cases, these
conditions imply that ¢ is split in O.

6.2. The inert case. Let a C O be an integral invertible ideal such that ged(f, N(a)) = 1.
Let g be a prime ideal of O lying over ¢q. For any A € O such that

(1) \g~'aa™! C O, and

(2) N(A\) = —{q (mod d),
we define

R(a,\) := {[04,6] cae@ L peq® taaa — \B € (9} )

From this definition, it is clear that if A\ satisfies (1) and (2) and A = X (mod ®), then
R(a,\) = R(a, \'). We claim that, for any a and A satisfying conditions (1) and (2), R(a, \)
is a maximal order.

Remark 6.1. Although Dorman | | does not include condition (1) in his definition, it is,
in fact, necessary. Without this assumption R(a, ) is not closed under multiplication, even
if d is squarefree. This was already remarked on in | ].

Remark 6.2. Write A = Ay + )\1%3. If d is odd, then the congruence class of A mod ® is
determined by \g mod d. In addition, the condition that N(\) = —f¢ (mod d) is equivalent
to the condition that A3 = —f¢ (mod d). Therefore, if d is odd, then we may think of \ as
an integer, instead of as an element of O. This was the point of view taken in | : .

Lemma 6.3. R(a,\) is an order.

Proof. We will show that R(a, \) is closed under multiplication. All other properties are
easily checked. Consider

ar b az by ]
—. === —=| € R(a,\).
[\/E \/E] [\/3 va) e
Their product is in R(a, ) if and only if

(1) a1a2 + Elegg €D
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(2) a1b2 — 621)1_6 @q_lﬁa_l
(3) a1a2 + Eqblbg — Aaby + Aagb; € dO

Claim 1: Note that ajas + Eqbll;g can be rewritten as
(Cll - )\bl)(lg + /\bl(ag — )\bg) + /\bl ()\bz - Ez) + (N()\) + Eq)bll_)Q (62)

Using the definition of R(a, \) and the fact that for any ¢ € O, (¢ —¢) € D, one can easily
check that (6.2) is in ®.

Claim 2: We rewrite albg — agbl as ((11 - )\bl)bg - (52 - Eg)bl + b1(>\b2 — Eg) From this
description, one can easily check that a by — G2b; € Dq~taa~!.

Claim 3: Let a; € O be such that a; = \b; + \/c_la;. Then we can rewrite ajas + ¢gbyby —
)\CleQ + )\62[)1 as

A2byby + VA(bydl + a)by) + da)aly + €qbiby — N2byby — AW dad! by + N(N)byby — AW dbyd's

(6.3)
= dahaly + (N(X) + £q)byby + MW dby (d), — @). (6.4)
Similar arguments as above show that (6.4) is in dO. O

Lemma 6.4. The discriminant of R(a,\) is (?, and so R(a,\) is a maximal order.
Proof. To prove this lemma, we will use an auxiliary (non-maximal) order
R a) = {[a,ﬂ] ae O, Eﬁa_l}.
One can easily check that this is an order. Let w;,ws be a Z-basis for aa~!. Then
[1,0], [(d+ v/d)/2,0], [0,w1], [0, w]
is a Z-basis for é(ﬁt) Using these basis elements, one can show that disc(R(a)) = (£qd)>.
We claim that R(a) is related to R(a, A) by the following exact sequence,

) [aﬂ?ﬂ

0 — R(a) — R(a, A g '@ 'aa ! faa~! — 0.

This exact sequence implies that [R(a, A) E(a)] = qd, and thus the lemma follows.

Proof of clavm: Exactness on the left is straightforward. Exactness on the right holds since
for any 8 € q7'®'aa, (A3, 5] € R(a,\). The order R(a) is clearly in ker([o, 8] — f3), and
the reverse containment follows since § € @a~! implies that \,3, and hence «, is in O. O

Given an ideal a, we will now construct a A = A, satisfying conditions (1) and (2). Since
we want our orders R(a) := R(a, \,) to satisfy

R(a)b = bR(ab),
the relationship between )\, and Ay, will be quite important. In fact, the relation
R(O)a = aR(a)

shows that R(a) is determined from R(O) and so A\, mod ® is determined by Ap mod D.
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6.2.1. Defining Aq. For all invertible ramified primes p, fix two elements @) AP € O with
norm congruent to —¢q mod p*@ such that A® # A® (mod ®,). For all non-invertible
ramified primes p, fix A®) € O such that N(A®)) = —¢¢ (mod p¥?¥).

For any prime ideal p of O that is prime to ©, let M(p) denote a fixed integer that is
divisible by N(p) and congruent to 1 (mod d). For any product of invertible ramified primes

by := [ invertible P, We write A, for any element in O such that
P/

AP if e, =0 (mod 2)
Ao, mod D, = 4 ~ b
b P {)\(p) ife,=1 (mod 2)
for all invertible ramified primes p and Ao, = A (mod ®,) for all non-invertible primes.
These conditions imply that )y, is well-defined modulo ©.
Let a be an invertible integral ideal O such that ged(N(a), f) = 1. Then we may factor a
as a’ag, where a’ is prime to the discriminant and a, is supported only on invertible ramified

primes. We define A, := (Hp|u, M(p)vp(“')> M (q)Aq,. Note that it follows from this definition

that A\, is well-defined modulo ® and, importantly, that A\, satisfies ;g '@aa™! C O and
N(\) = —¢q mod d.

Lemma 6.5. Let a,b be two invertible ideals in O that are prime to the conductor. Assume
that a and ab are both integral. Then

R(a, Aa)b = bR(ab, Agp).

Proof. We will show that R(a, A,)b C bR(ab, A\ss). The reverse containment then follows
by letting a = ab and b = b~!. Note that if b = b;b,' with b; integral, we may rewrite b
as byby N(by) ™. Since N(by)~! is in the center of By, and R(a,\,) = R(Na, Ayg,) for any
integer N, we may reduce to the case where b is integral. We will also assume that b = p is
prime; the general result follows from multiplicativity.

We can write

pR(ap, \) = {[0, 8] a € pD " feq D TR a - Apf e p}.

Take [o, 8] € R(a,\;) and v € p; the product equals [ya,75]. One can easily see that
ya € pD~! and that 76 € 7' tapa~!. It remains to show that ya — Ay 73 € p.

Consider the case where p is unramified. Since Aq, = M (p)Aq, we may rewrite ya — Aqy7/3
as

(v =7M(p))ex +7M (p)(x — Xaf3).
Since p|M (p) and M (p) = 1 (mod d), one can easily check that (y—5M (p))a and M (p)(a—
Aof3) are in p.
Now consider the case where p is ramified. Then Ay — Mgy € D, for all ramified p’ # p, so
it is clear that vy (Yo —Agp75) > 0 for all p’ # p. It remains to show that vy (ya —FAq ) > 1.
First consider the case when p|2. Rewrite yoo — A\qp7/5 as

Y= AafB) + (Ao = Aap) B+ AapB(7 — 7). (6.5)
From the definition of A,, we see that v,(As — Agp) = 1,(®) — 1. Thus y(Ag — A\gy) 0 is a
p-adic unit if v,(8) = —v,(D) and v,(y) = 1, and in p otherwise. Moreover, the same
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characterization holds for Aq,B(7 —7). Since #O/p = 2, a sum of two p-adic units is in p.
Hence, we conclude that v,(ya —FAqp5) > 1.

If p is odd, then v,(5) > —1. Combining the last two terms in equation 6.5, we see that
we need to prove that v,((yA\qs —FAap) ) > 1, so it suffices to prove that v, (YA — FAqp) > 2.
From the definition of )\, we see that A\ + A\gy € p, and since v € p, v +7 € p?. Thus
'Y()‘a + Aup) - (’7 + T)Aap =7 — 7)\ap Is In p2- O

6.3. The ramified case. Let a C O be an integral invertible ideal such that ged(f, N(a)) =
1. Let q be a prime ideal of O lying over ¢. For any A\ € O such that
(1) \g~'aa™! C O, and
(2) N(A) = —¢ (mod d/{),
we define
R(a,\) :={[0,fl:a €@, Beq D 'aa,a— A3 € O}.

From this definition, it is clear that if A’ satisfies (1) and (2) and A = X (mod DI™!), then
R(a,\) = R(a,\). We claim that, for any a and A, R(a, \) is a maximal order.

Lemma 6.6. R(a,\) is an order.

Proof. We will show that R(a,\) is closed under multiplication. All other properties are

easily checked. Consider
aq bl a9 b2 :|
—,— |, |—=,—=| € R(a, \).
A [ VAl e re
Their product is in R(a, ) if and only if
(1) aias + qbll_)Q S 6y
(2) (lle —agbl c [@q_lﬁa_l
(3) a1as + qblbg — Aa1by + Aasbh; € dO
The proof of these claims goes through exactly as in the inert case, after replacing every q
in the inert case with ¢/¢, and after noting that a;,a; € I and b;, b; € l[q~'aa™!. O

Lemma 6.7. The discriminant of R(a, \) is (2, and so R(a, \) is a mazimal order.

Proof. This proof is exactly the same as in the inert case after replacing ¢ with ¢/¢. O

6.3.1. Defining Aq. For all invertible ramified primes p, fix two elements @) AP e O with
norm congruent to —q mod p*¥% such that A?) £ A®) (mod D,). If p = ¢ and ¢ # 2, then
in addition we assume that \;y = —A,1.For all non-invertible ramified primes p, fix AP e O
such that N(A®) = —¢ (mod p*(@9).

For any prime ideal p of O that is coprime to @, let M(p) denote a fixed integer that is
divisible by N(p) and congruent to 1 (mod d). For any product of invertible ramified primes

by := [ invertible P, we write Ay, for any element in O such that
pIo

N mod D = AP if e, =0 (mod 2),
i PP ife, =1 (mod 2).

for all invertible ramified primes p and Ao, = A (mod ®,) for all non-invertible primes.

These conditions imply that )y, is well-defined modulo ©.
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Let a be an invertible integral ideal O such that (N(a), f) = 1. Then we may factor a as
a’ag, where a’ is coprime to the discriminant and a, is supported only on invertible ramified

primes. We define A\, := (pr M(p)vp(a')> M(q)Aq,. Note that A\, is well-defined modulo ©
and that )\, satisfies \;q~'@a~! C O and N()\,) = —¢ mod d/¢.

Remark 6.8. Since Ay = Ay (mod DI71) for any integral invertible ideal a, the corresponding
orders R(a), R(al) are equal. This is not surprising, since E(a) = E(al) modulo 7.

Lemma 6.9. Let a,b be two invertible ideals in O that are coprime to the conductor. We
assume that a and ab are integral. Then

R(a, Ae)b = bR(ab, Agp).

Proof. As in the proof of Lemma 6.5, it suffices to prove that R(a, \,)b C bR(ab, A\s) and
we can reduce to the case where b is prime.
We can write

pR(ap, \y) = { (3, 8] & € prD ™, f € gD @Pa ", G — A € b}

Take [o, B] € R(a,\,) and v € p: the product equals [ya,7/5]. One can easily see that
ya € pID~! and that 78 € ¢ D 'apa~!. It remains to show that ya — A\, 78 € p.

We will focus on the case where b = [; if b 2 [, then the proof is exactly as in Lemma 6.5.
We can rewrite yao — A7 as

V(= Aef) +YB(Aa — Aat) + AalB(y — 7).

It is straightforward to see that the first and third terms are in [. The second term is in [
since v((Aq — Aqr) = v1(®) — 1. This completes the proof. O

6.4. Elliptic curves with complex multiplication.

Lemma 6.10. Let R be a mazimal order of By o such that RNL = O, where the intersection
takes place using the embedding of By~ C Ma(L) given in (6.1). Then there is an integral
invertible ideal a C O coprime to the conductor such that R is conjugate to R(a,\,) by an
element of L*.

Proof. Since R is a maximal order in By o, O must be maximal at ¢ [ , Chap. 2, Lemma
1.5]. Therefore we can define R(O, \p) as in §6.2 or §6.3 depending on whether ¢ is inert
or ramified in O. Since R(O) and R both have O optimally embedded, by | , Thm. 4,

p.118], there exists an invertible ideal a’ such that R = a/"'R(O)a’. We may write a’ as fa,
where § € L™ and a is integral and coprime to the conductor. Thus, Lemmas 6.5 and 6.9
show that R = 07'R(a, \,)6.

O

Fix an element [7(?)] of discriminant d, and let £ = E(7(?)) be an elliptic curve over
W with j(E) = j(7) and good reduction at . Then we have an optimal embedding of
O = End(F) into Endy/(£), a maximal order in By . Thus, by Lemma 6.10, there is an
element [ay] € Pic(O) such that the pair

(End(E mod I),:: O = End(F) — End(F mod [))
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is conjugate to R(ag) with the diagonal embedding O < R(ay). Now let 0 € Gal(H/L) and
consider the pair

(End(E£ mod [),¢: O — End(E? mod [)).
By class field theory, Gal(H/L) = Pic(O); let a = a, be an invertible ideal that corresponds
to o; note that a is unique as an element of Pic(O). We assume that a is integral and coprime
to the conductor. Since Hom(E?, F) is isomorphic to a as a left End(£)-module, we have

End(E° mod [) = aEnd(E)a™ | , Chap. XIII]. Thus, by Lemmas 6.5 and 6.9, the pair
corresponding to E? is conjugate to R(aga).
Now define

={[a,f] €@, Beq "D aa T, a - \B €O}, ifl4d,
= {[a,ﬁ} cae®@ N peq i taaa— B € (9} , if ¢|d.

One can easily check that R;(a) = R(a), that (), R,(a) = O and that

(
O+ 'Ry(a) ifl1d,
O + "R, (), if £|d.

Then by | , Prop. 3.3], Endw/(E7) = R,(apa) .

Ry(a) = (6.6)

7. PROOF OF THEOREM 3.2

Retain the notation from §3.2 and let S, ,,(E) denote S, ., (E/W). In this section, we
prove Theorem 3.2, which we restate here for the reader’s convenience.

Theorem. Assume that {1 fi and that m # 0. Then ) #S,m(E(11)/W) is equal to an
explicitly computable weighted sum of the number of certain invertible ideals of norm {~"m,
where r = 2n—1if {+ dy and r = n otherwise. If, in addition, m and fy are relatively prime,

then
C’w1

Z#Snm (1)/W) = =

where C' =1 if 4m = d1d2 and C' = 2 otherwise,
(m) = {0 if (dy, —m), = —1 for p|di,p 1 fil,

p(m)A(L""m),

o#pl(m,di):ptfz or p=}  Gtherwise.

and
N(b) = N, b invertible,
AN) =#{ 6C 04 pib for all placd(N, ), p b,
p? 1 b for all plplged(N, fo, di),p # ¢

Remark 7.1. In the general case, i.e. if m is not coprime to fi, > #Snm(E(m1)) is still
computable; in fact, the proof provides an algorithm.

Proof. 1f € is split in Oy, , then the Hilbert symbol (dy, —m), = 1. Therefore, by the proof of
Theorem 1.1, > #S, m(E£(m1)) = 0, and so each invertible ideal of norm £~"m is said to have
weight 0. Now restrict to the case where m and f; are relatively prime. Since (di, —m)s =

—1, by class field theory, there exists a finite prime p # ¢ such that (dy, —m), = —1. If p is
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inert in Q(v/d;) then this implies that v,(m) = 1 (mod 2) and thus 2A(m¢~") = 0 for all r.
If p is ramified in Q(v/d1) then p(m) = 0. So we conclude that if £ is split in Oy, then both
sides are 0.

From now on we assume that the prime ¢ does not split in Oy, . Therefore, by §6.4,
for every [r] of discriminant d; there exists an integral invertible ideal a = a,,, such that
Endw /- (E(m1)) £ Ry(a). Furthermore, the elements a, can be chosen in a way that is
compatible with the Galois action; we will assume that this is the case. Since R,,(a) C By o,
henceforth Tr; N, and disc will refer to the reduced trace, reduced norm, and reduced dis-
criminant, respectively, in the quaternion algebra. With the identification of Endyy . (£(71))
with R, (a), Sy (E (7)) consists of elements [a, §] in R,,(a) such that

Te((o, B]) = do, N(or 8)) =

and such that Z&Z[a, 5] in (Q & Qla, ])NR(a) has index a power of £. Let ¢ denote the trace
of 2(di++/dy)|e, B]Y. Then a calculation shows that 4m = dydy — (d1dy —2t)?, or equivalently
that t = £ (dida £ v/dids — 4m) . The values of Tr([ev, 8]) and Tr (3(d1 + v/di)[ev, 8]") imply

_ (did2—2t)+dav/dy
that o = W
by m if 4m = dids, and otherwise ¢ is determined by a choice of sign. Define

Sum(E)i= {1081 € Sum(E) s T (0014 VD6 ) =t}

where ¢ and m satisfy 4m = didy — (didy — 2t)>. We will prove that Y #8S!  (E(m)) is a
weighted sum of integral ideals of norm m /" and if ged(m, f1) = 1 then Y #5S} . (E(n1)) =
Sp(m)2A(L~"m). The theorem follows immediately from these two claims and the above
discussion.

(dg - d2)7 diSC(Odl 2 Odl [aa 6]) = m27

, so « is uniquely determined by . In turn, ¢ is uniquely determined

Proposition 7.2. Let [o, 8] € R,(a) as above, and define b := BSt™'Da 'a, where v =
" rqmtaf € ds inert in Og, and v = 1"q7 if € is ramified. Then b is an integral invertible
wdeal of Og4, with the following properties
N(b) =meé™,
b~t (mod2Pic(Oy)).

(Recall that r =2n — 1is £t d; and r = n otherwise.)

Proof. By the definition of R,,(a), we see that § € v® 'aa~! and since N([«, 8]) =
we deduce that [ satisfies
55 = é (3(d3 — do) — ai@) if £ is inert in O,
(3(d3 — dy) — o) if £ is ramified in Oy, .

(d3 —da)

1
4

1
q
Since a = (didy — 2t + d2v/dy) /(2/d1) and m = § (didy — (d1dy — 2¢)?), in both cases the

formula simplifies to 3 = N(t®~')ml~". From these conditions, it is clear that b is integral,
invertible, has norm m¢~", and is equal to t in Pic(Qy,)/2 Pic(Oy, ). O

We obtain further conditions on the ideal b by using the condition that the index of
Z @ Z]a, 5] in (Q @ Q[a, A]) N R(a) is not divisible by any prime p # /.
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Lemma 7.3. Let p be a prime that divides ged(m, fo) and does not divide dy. Then p divides
the index of Z @ Zpae in (Q & Qoqoc) N R(ac) if and only if b C pOy, .

Proof. 1t is straightforward to show that a prime p’ divides the index if and only if
dy —p'dy 1 _|da=p'dy  didy — 2t + dov/dy B
T T T YT v v
'(didy — 2t) + don/d
_ p'(didy ) + 2\/_1’£ € R(a) ® Z,y.
2p%/dy P
Consider a prime p satisfying the assumptions of the lemma. Since p divides m and fs,
L p(d1d2 — Qt) + dQ\/d_l . 1 d1d2<p — 1) — 2tp dg dl + \/d_1 1
o = = +—=———F—]€p0 .
2pV/dy Vi 2p p 2

If b = ptDa 'a C pOy,, then we have that g € v 1D 'aa!, and vice versa. As p f dy,

’p

dividing the index. 0

this happens exactly when [% é] € (R(a) ® Z,), which, as stated above, is equivalent to p

Lemma 7.4. Let p be a prime that divides ged(m, dy, f2) that does not divide (f,. If b C
p30q,, where p is the unique prime lying over p, then p divides the index of Z. @ Zqc in
(Q ® Qo) N R(ac).

Proof. If b C p30y,, then the same arguments as above show that o/ € p®~! and 3 €
pr 1D taa!. To show that [0/, 8] € p(R(a) ®Z,), we are left to show that vy(a/ —\S) > 2.
We first prove this when p is odd. Since p{ f1, vy(8) = v,(A8) > 3 —v,(d) = 2. Note that
-1 m  dy(dy — p?)
N(o/) = Hdvdy — 2t)* — d3dy) = — + ————2.
(o) 12d, (P (dyds ) 2 1) a4 + 12
Given that p|f, and p||d;, we have v,(N(c’)) > 2 and so vy(a’) > 2. By the strong triangle
equality vy(o/ — AB) > 2.
Now consider the case when p = 2. As above, we have that v,(8) > 3 — v,(d;), which is

non-negative. We may rewrite
m d2 d2
N)=—+—(—-1 .
(o) d1+4(4 ) (73)

Since 2| fs, 4 divides %2 (% — ) Thus, either v,(a’),v,(A5) > 2, in which case the proof
proceeds as above, or vy(a’) = v,(A3). Assume we are in the latter case. Since #0/p = 2,
we have vy(o/ — AB) > v,(A3) = vp(5). This completes the proof unless v,(8) = v,(a’) = 0.
If v,(8) = 0, then vp(dl) =3 and vp( m) = 3. By assumption, (di, —m)s = (da, —m)z = 1 so
we must have that 2 =1 (mod 8). Thus, N(a/) = N(3) (mod 8). A calculation shows that
this gives vy(a/ — A\j5) > 2. O

Together, these two lemmas prove:

Proposition 7.5. If there exists a prime p|lged(m, fa), p # € such that either
(1) p is inert in Oy, or
(2) ged(p, f1) =1 and p is ramified in Oy and v,(m) > 2,
then Sy, (E(11)) = @ for all 1.
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Proof. 1f plged(m, f2) and p is inert in Og4, then any integral ideal b with norm m/¢~" will be
contained in pQOgy,. Thus there are no embeddings of Oy, which are optimal at p and thus
the set S}, ,,,(E(71)) is empty.

Similarly, if (p, f1) = 1 and p is ramified in Oy, , with v,(m) > 2, then any integral ideal b
with norm m¢~" will be divisible by p? and again there are no embeddings of O, which are
optimal at p. O

We have obtained a map from S}, (E(r1)) to invertible integral ideals in Oy, satisfying
conditions (7.1), (7.2), and the additional conditions:

b Z pOy,, for any p[(m, fo),p # {,pt di (7.4)
b g pgodu for any p|p‘(d17m7f2)7p 7& £7p+fl

Note that the codomain does not depend on a, and hence is independent of 7. Thus, we
can extend the domain of the map to UJ,, S;,,,,(E(71)).

Remark 7.6. Note that the codomain of the map is explicitly computable. This follows from
the results in §5.

In the rest of the section, we will prove that for each ideal b that satisfies (7.1),(7.2),(7.4)
and (7.5), there is an algorithm that computes whether b = ft~!®a 'a for some 3, a such
that [, 8] € R(a)N S}, (E(a)). If so, the algorithm also computes the size of the fiber lying
over b, i.e. the number of pairs (5, a) such that the above condition holds. This will show
that > #5S),,(E(m)) is a weighted sum on invertible integral ideals, namely each ideal
satisfying (7.1),(7.2),(7.4) and (7.5) is weighted by the size of its fiber, and every ideal not
satisfying one of (7.1),(7.2),(7.4) and (7.5) is weighted by 0. In the case where m is coprime
to f1, we will show that this weighted sum agrees with the formula given in the statement
of Theorem 3.2.

Let b be an invertible integral ideal satisfying (7.1) and (7.2). Since b ~ v (mod 2 Pic(Oy,)),
there exists an integral invertible ideal a, well-defined as an element of Pic(Oy, )/ (Pic(Oy,))[2],
and an element v, € Q(v/d;) such that b = v,t~'aa~!. (Since Pic(Oy,) is finite, there is an
algorithm to find a, and thus an algorithm to compute ~,.) For any [¢] € Pic(O4)[2], let
€2/ N(t) be a principal generator for ¢/c, and let v, := Ya6:2/ N(¢). Then b is also equal to
Yot Lac(@c) "L Let Boe = Yae/V/d1. Since b is integral, 3, € t® tac(ac)~ L.

By the arguments at the beginning of the proof of Proposition 7.2, we see that if b is the
image of an element in R(ac), then the element must be of the form

(dydy — 2t) + do/dy
2V/dy

where w € OF . As a := W € D! and wfy, € v tac(ac), it is left to

Gac 1=

7w/8ClC )

determine

(1) if @ — wAgefac € Oy, and
(2) it Z ® Zepo in (Q & Qo) N R(ac) has index a power of .

If both conditions hold, then b is the image of ¢, € R(ac).

We first calculate the number of ¢, satisfying Condition (1).
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Condition (1): Henceforth, we will assume, without loss of generality, that a and ¢ are
coprime to di. As a result, we have Ao = (], M(p)?»)\, = Ay (mod d;). Thus

WAacVae = w(ee2 (H M(p)vp(c))/ N(c))AaYa (mod D).
ple

Since a — wAgeBac € Oy, if and only if a/d; — wAgeVae € D, this in turn occurs if and only if
a—w(ea(J[ M(p)*9)/ N(e)Aava € D,

ple
where a := a/d;. Note that N(A\7,) = N(a) (mod d;) and that wefz(HmcM(p)”P(‘))/N(E)
has norm congruent to 1 modulo d;. To complete the proof, we need the following two
lemmas. The first lemma shows that, as ¢ ranges over all elements of Pic(O)[2] and w ranges
over all elements of O, the element (e (][], M (p)”*®)/ N(c))w ranges over all congruences

classes modulo ® that have norm congruent to 1 (mod d). The second lemma counts the
number of such congruence classes of elements v such that o — v € Oy, .

Lemma 7.7. Let O = Q4. Then the morphism
€ (0/D)* :N(v) =1mod d
O/ NG = 1mod 4}
OX
that sends [¢] — e [, M ()% /N(c), where ¢ is any integral representative coprime to D,
18 an isomorphism.

Pic(O)[2]

Proof. An easy computation shows that the map is a well-defined group homomorphism.
We will show that the groups have the same cardinality, and then show that the map is
surjective. When d = —3 or —4, one can check that both sides are trivial. Henceforth we
assume that d < —4 so that O* = £1.

The exact sequence

0 = Pic(0)[2] = Pic(0) =3 Pic(O) — Pic(0)/2Pic(O) = 0
shows that # Pic(O)[2] = # (Pic(0)/2Pic(0O)), which by [ , Prop. 3.11 & Thm 7.7]
is equal to 27! (see §5 for the definition of k). Let v := vy + ™ d+vVd ¢ ) he such that

2
N(y) = 72 + d(dgl)ﬁ = 1 (mod d). We need to determine the number of 7 modulo ©

that satisfy this equation. For each odd prime p|d, we have 2 choices for v mod ©,, namely
v = £1 mod ©,. When p = 2|d we have the following possibilities

d= 4 (mod 16) v =1mod D,,

d=12 (mod 16) y=1, or 2(d+ Vd) mod D5,

ve(d) =3 or 4 v = +1 mod D,

vo(d) > 5 v =1 mod D, or v = 3(d + Vd £ V4 + d) mod Ds.

Note that if vy(d) > 5 then 1+ d/4 = 1 (mod 8) so +v/4 + d exists modulo 2°(D~1. This
case-by-case analysis shows

#{7 € O/Vd:N()=1 (mod d)} =2k,

1
2

and so the quotient by 41 has cardinality 2F~.
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d+f

Proof of surjecthty Fix a nontrivial v := vy + 11 5% in the codomain, i.e. 7 is such that

e +dyy +7?%5 2 =1 mod d and v # 1 mod D. Then fix non-zero values of eg, e; € Z and
a positive 1nteger N coprime to d such that
d>—d d
ez + degey + €] Y N? e =Ny (mod m), er = Ny (mod (2,4d)).

(This is possible because conics satisfy weak approximation.) Define € := ﬁ < d+‘[> .

2
Then N(¢) = <(e ONe 1)> , and since p f €, € must generate a square ideal, say ¢?. Additionally,
N = N(c)(eg, e1). Therefore, [c] — =, thus completing the proof of surjectivity and of the
Lemma. [

Lemma 7.8. Fiz a,b € O;. Assume that N(a) = N(b) (mod d). If N(a) is coprime to the
conductor f of d, then there exists an element ¢ € O, such that

N(c) =1 (mod d) and a —cb e D. (7.6)

Moreover, regardless of whether N(a) is coprime to f, if there exists ¢ € O satisfying (7.6),
d+xf

then the number of such ¢ modulo ®© equals py(ag, a1) where a := ag + a;

2 ifd=12mod 16,s =t mod 2
ﬁ(j)(s,t) = or if 8 | d,v(s) > v(d) — 2 {

1 otherwise 1 otherwise

2 if32|d, 4| (s—2t) }

Pa(s,t) 1= (s, 1) - 2#pop(9)2vp(d)>0p7%2}.

Remark 7.9. If N(a) is coprime to f, then py(ag, a1) has a simpler expression; it is equal to
9#{p:pl(d,N(a))}

Proof. First we will prove existence of ¢ in the case where N(a) is coprime to the conductor.
Write a := ag + a1d+‘[ and b := by + b; d*‘[ By our assumption on N(a), N(b), we see that
a2 = b3 (mod p*@) for all odd p and that ai — da? = b2 4p? (mod 2"¥D). Since N(a) is
coprime to the conductor, we get that ag = 4by (mod p¥?) for all odd primes. From the
description of the elements of norm 1 mod d in the proof of Lemma 7.7, it is clear that there
is a ¢, with N(¢) =1 (mod d) such that a = be (mod ®,) for all odd p.
It remains to show that if 2 | d, then there is such a ¢ that satisfies a = bc (mod ©3). The
norm congruence as well as the co-primality assumption shows
(1) If d = 12 mod 16, then either ag = a; (mod 2) and by = b; (mod 2) (when N(a) =0
(mod 2) or ag # a; (mod 2) and by # b; (mod 2) (N(a) =1 (mod 2)).
(2) If vo(d) = 8, then ap = +by (mod 4) and a; = b; (mod 2).
The description of possible ¢ € O such that N(c) =1 (mod d) given in Lemma 7.7 completes
the proof of existence.
Henceforth we assume that there exists a ¢ € O such that N(¢) = 1 (mod d) and a = be
(mod ®). Since N(¢) =1 (mod d) we may replace b with bc and assume that a = b (mod D).
Let ¢ = ¢+ ¢} d+‘f € O be such that ¢ = b (mod D). Since a = b (mod D), we must
have (¢ —1)b €D and N(¢) =1 (mod d). Therefore for all odd primes p | d, either ¢ =
(mod D) or v,(by) > v,(d), and hence v,(ag) > v,(d). So for odd p, there are 2 choices for

¢ modulo ®,, if v,(ag) > v,(d) and otherwise ¢’ is uniquely determined modulo ©,,.
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Now let p = 2. Then we have the following possibilities for ¢/

d= 4 (mod 16) ¢ =1 mod D,
d=12 (mod 16) either ¢ =1 mod D, or

d=3(d+ Vd) mod ©s, and ag = a;  (mod 2),
ve(d) =3 or 4 either ¢ = 1 mod ®,, or

d = —1mod D, and v,(by), vp(ag) > v,(d) — 2,
va(d) >'5 either ¢ = 1 mod ®,, or

d = —1mod D, and v,(by), vp(ao) > v,(d) — 2, or
d = (d+Vd£ 4+ d) mod D, and ag = 2a;  (mod 4).

In the last case, when vo(d) > 5, if ag = 2a; (mod 4) and v,(ag) > v,(d)—2, then ¢ may take
on all values modulo ®4 that have norm congruent to 1 modulo d. This case-by-case analysis

shows that there are ﬁff)(ao, ay) choices for ¢ modulo ®,. This completes the proof. U

Remark 7.10. The assumption that N(a) is coprime to the conductor in Lemma 7.8 is crucial
for the existence of c. Let’s assume that p divides the conductor and v,(d) = 2. Then if
p?*| N(a), the congruence a2 = b2 (mod p?), only implies that ag = by = 0 (mod p), not that
ag = +by (mod p?), which is what is needed to prove existence.

Now we return to the proof of the theorem. Recall that we are determining for which

c] € Pic(O)[2] we have

(1) o — (€2/ N(©))wAafq € Oy, and

(2) Z @ Zgpoe in (Q @ Qopge) N R(ac) has index a power of /.
Assume that there exists a [¢] € Pic(O) and w € Oy such that (1) holds. Then Lemmas 7.7
and 7.8 show that there are pg(—t,dz) elements of Pic(O)[2] and % choices for w such that
(1) is satisfied. In addition, the proofs of Lemmas 7.7 and 7.8 give an algorithm for testing
whether there exists a [¢] € Pic(O) and w € Oy such that (1) holds.

Remark 7.11. If m and f; are coprime, then the proofs of these lemmas also show that there
does exist a [¢] € Pic(O) and w € Oy such that (1) holds.

Condition (2): Now we determine which of these % pq(—t,ds) elements also have the

desired index. Condition (2) is satisfied if and only if Z[¢,] is optimally embedded in R(ac)
at every prime p # (.

From the proof of Lemma 7.3, we see that the only primes different from ¢ that can divide
the index of Z @ Zgg in (Q ® Qdyc) N R(ac) are the primes p that divide ged(m, f2). If p is
such a prime that does not divide d;, then for any preimage of an invertible ideal b satistying
conditions (7.1), (7.2), (7.4), (7.5), Lemma 7.3 ensures that p does not divide the index.
So if the ged of m,d;y, and f5 is trivial, then the size of the fiber is equal to the number of
elements satisfying condition (1), which was shown above to be either 0 or “pg(—t,ds) .

Now consider the case that there exists a prime plged(m,dy, f2), p # €. Then we have
vp(m) > 2. If p1 fi, then Lemma 7.4 shows that v,(m) = 2 and the condition on the index
is equivalent to determining whether

dydy — 2t) + dyv/dy
2pV/dy '

Note that the norm of o/\/d; (see (7.3)) and the norm of \/djw).3, are both congruent to

—¢"m modulo p***»(4). This is a stronger congruence than the one between N(a) and N(53)
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that we used to invoke Lemma 7.8. This stronger congruence allows us to show that exactly
half of the %pg(—t,ds) elements of Pic(O)[2] are such that o/ — (e2/N(¢))wAafBa € pOq, .
(One proves this by using arguments almost identical to those in Lemma 7.8.) Furthermore,
at each prime, these conditions are independent. So for each prime dividing ged(m, dy, fo),
the size of the fiber consisting of elements satisfying both Conditions (1) and (2), is divided
in half.

In summary, the number of [¢] € Pic(O)[2] and w € O that satisfy conditions (1) and (2)
above is bounded above by ! p4(—t, do)2 - #PImduf2) A} wwith equality if ged(m, fi) = 1.
If m is not coprime to the conductor (in which case w; = 2), then the number of [¢] is either
0, or is of the form 2% with

#1{p : plgcd(m, di),pt fife} <k < wvalpa(—t,dz)) — #{plged(m, dy, f2),p 1 Lf1}.

This proves that > _ #S; . (E(r)) is a weighted sum of ideals with a fixed norm, and the
proof gives an algorithm for computing this weighted sum.
From now on assume that ged(m, f1) = 1. So far we have shown that

w ﬁ <_t7d ) ; ; 5
Z #Sz’m(E(Tl)) = 21+#{;|g5d(m7d17f22)7p#} - #{b C O :satisfying (7.1),(7.2),(7.4),(7.5)}.

Note that it follows from Corollary 5.2 that an ideal b of norm ¢~"m satisfies b ~ ¢
(mod 2Pic(Oy,)) if and only if W,(ml~" N(r)) = 1. In particular, either all ideals of norm

¢~"m satisfy (7.2), or none do. Therefore
A(ml=) if Uy(ml"N(r)) = 1,

0 otherwise.

#{b C O : satistying (7.1),(7.2),(7.4),(7.5)} = {
By the definition of ¢ in §6, mf¢~" N(t) = —m in Z/ fiZ. Since m is coprime to fi, —m is

congruent to a non-zero square modulo f; and so ¥,(—m) = 1 for all p|f;. (Recall from §5
that if p|d; and p{ fi, then ¥, (—m) = (dy, —m),.) Therefore

otherwise.

#{b C O : satistying (7.1),(7.2), (7.4), (7.5)} = {?(mgr) if p(m) # 0,

By Remark 7.9, we know that

wipy(—t, do) — Wlo#{plecd(m.di):ptfz or p=t}
21+#{p|ng(m7dlvf2)7p3éE} 2 !
which completes the proof. O

Proposition 7.12. Fiz a prime ¢ and a positive integer m of the form }l(dldg —x?). Assume
that m and f, are coprime. Then

.
1+ v,(m) % =1,p1t fo,
2 % = 17p|f27
pm)A(em) = e (cm) J[ {2 G+ D) (§) = -Leth
plm,p#L 2 pldlu(dh_m)p: 17p+f2
1 pldy, (di,—m), = 1, p| fa, v,(m)<2
0 otherwise,
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where

if N € Z and /|d;,

otherwise.

Proof. Recall that

0 if (dla_m)p:_l for pldlap#édh
g#{plecd(m.du):pifa or =} otherwise,

N(b) = N, b invertible,
bC Od1 : p* b for all p|ng(N7 f2)7p+‘€d1
p* 1 b for all plplgcd(N, fo, dv),p # ¢

If /7"m is not an integer, then one can easily see that both sides are 0. One can also check
that both sides are 0 if v,(¢~"m) =1 (mod 2) and ¢t d;. So we may assume that v,(m) > r
and that if v,((~"m) =1 (mod 2) then £|d;.

Under these assumptions, it is an exercise to show that the number of invertible integral
ideals b of norm /~"m is equal to

H 1+ v,(m) if
p|m,ptldy %(1 + (_1)vp(m)) if

(here we use that ¢ is not split in Og,.) If we impose the condition that p { b for all
plged(ml=", f3),p t £dy, then for any p|fs,p t dif the local factor becomes 0 if p is inert in
Oy, and 2 if p is split. If we additionally assume that p> 1 b for all p|p|ged(£"m, fo,d1),p # ¢,
then we introduce a local factor at p that is 0 when p|d;, p # ¢ and v,(m) > 3. In summary,
we have

{ if either N ¢ Z or £td; and v,(N) =1 (mod 2),
=7t

and A(N)

TSR

14 vy(m) if %1 =1,p1t fo,
2 if % = 17p ‘ f27
Ql(f_rm) = H % (1 + (_1>Up(m)) if d?l = _lapJfoa (77)
plmp#e | 0 if %1 =—1L,p]| fa,
0 ifp|(d17f2)7vp(m> Zga
(1 otherwise.
It is clear from the definition of p(m) that

0 if (dy,—m), = —1,p # ¢,
p(m) = H 1 if (dy,—m), = 1,p|fa,p # ¢

plged(di,m) | 2 otherwise.

Combining these products completes the proof. 0

8. RELATING SX¢ TO S,

We retain the notation from the previous sections. In this section we prove the following
proposition.
29



Proposition 8.1. Assume that dy is fundamental at ¢ and that either £ > 2 or ged(dy, 072)

is odd. Fiz [m] of discriminant dy, and let m be a nonnegative integer divisible by (.
Then if {| fo, we have:

Lic S 3#S m(E(n) /W) i 01 dy,
#51,m(E<7'1)/A) = {;Sl,m(E(Tl)/W) i £|6727
and if £ 4 fa, we have:

LS # S (B ()W) iy or 4,
2 #5un(Bn)/4) = {zn#sn,mw(m/w it 04y, (1

We first prove a lemma which will be useful in the proof of Proposition 8.1. Recall that
if Spm(E) # 0 for some elliptic curve E, then by §7, m = %(dldg — (didy — 2t)?), where
2t = Tr((dy + \/dy)¢") for some ¢ € S, (E).

Lemma 8.2. Assume that so = 0. If S1,,(E(11)) # 0 for some 7 of discriminant dy then
ve(m) = 1 if l|dydy and € 1 ged(dy, ds), and ve(m) > 1 if {| ged(da, d2) and £ # 2.

Proof. This follows from a simple calculation. 0J

Proof of Proposition 8.1. Write E for E(r;). Recall that
Skie (E/A) = {¢ € Sum(EJA) : () = 8, and ¢(¢) = & mod u} .

Assume first that m = 0. Then dy = d,¢%%2, CZQ = dy, and we may assume that 5 =
l(dl + \/_1) Since Sl,m(E(Tl)) = {%(K%le igsz } #SLle ) = %#Sl,m(E) if ¢ )f dl
and #5715 (E) = #S1m(E) if €| dy.

Henceforth we assume that m > 0. In this case E must be supersingular and we may
embed End(E) into My(Q(v/d1)) as described in §6.

Let ¢ € Spm(E/W); then vy(m) > 2n — 1 if £1dy and ve(m) > n if ¢|d;. To determine if
¢ € Syie (E), we must determine ¢(¢) and ¢(¢). Since ¢ factors through the formal group, we
will consider elements in By o, N Zy @ Enday,(E). By the theory of complex multiplication,
we know that ¢([a, 0]) = a for any o € O. Since ¢ is a homomorphism, we have

(c(6) = D)(e(8") = 0) = 7(& — do) — ¥ + 5% =,

and similarly for ¢ and 0. In addition, c¢(¢) — 6 + c(¢¥) — 6 = dy — 26 = —\/dTQ. Therefore,
at least one of 0(5), C(EEO) is congruent to 5 modulo i, and both are congruent to 5 modulo
w if and only if £ | dy. This information is already enough to prove the proposition under
the assumption that ¢ | fo or £ 1 ds.

Assume that ¢|dy, s, = 0 and ¢ { d;. Then by Lemma 8.2, S, . (E/W) = { for all
n > 1. Since A is a degree 2 ramified extension of W, this implies that S, ,,(E/A) = 0
for all n > 2. Further, the arguments from the previous paragraph show that Sti¢ (E/A) =
Sim(E/W). It remains to consider Sy (E/A). Although Sy, (E/A) = Sim(E/W), which
may be nonempty, § is not congruent modulo p? to any element of W. In particular § is not
congruent to ¢(¢) or ¢(¢¥) modulo p?. Therefore Sy (E/A) = 0, and so ), #Sk¢ (E/A) =
Yo FSnm(E/W) as claimed.
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The remaining case is when sy = 0 (so dy = dy) and /| ged(dy, dy). By assumption, we
may restrict to the case where ¢ > 2, which implies that A = W. The above arguments
show that S} (E/A) = S1,,(E/A). In addition, since v, ((c(¢) — ) + (c(¢¥) —9))) = 1, at
least one of v,(c(¢) — 0),v,(c(¢¥) — J) is 1; without loss of generality we will assume that
vu(c(@”) = 6) = 1.

To conclude anything further, we must first determine a more complete description of c.
From the results in §7, we have that any ¢ € S,,,,(E/W) can be written as

6= <d1d2 2t+d2\/81) ,0} +[8,0]-[0,1]

v

for some 3 € Q(v/dy) with N(8) = m/(—qd,). Thus,

c(¢) — 5 = 2\}_ <d1d2 _ ot — \/del) + 8v/=q in A/u", and
(V) — 2\/_ <2t — dydy — \/d2d1> ¥ BvV=q in A/u"

Note that v,(5) = v,(Bv/—q) = ve(m) — 1, and
oM (dldg — 2t — \ dgdl) + Uy <2t - d1d2 —\V d2d1> = 2Ug(m).

Since by Lemma 8.2, vo(m) > 1 and by assumption we have v,(c(¢") —¢) = 1, we must have

v, (2\}@ <d1d2 ot \/ﬁ)) = 2(ve(m) — 1).

If ve(m) > 2, then c¢(¢) =6 (mod ™) if and only if n < v,(m) — 1.

Assume that vy(m) = 2 and recall that —q ¢ Q;*. If dida € Q;?, then ¢(¢) — & € p? only
if B € % However, v,(8) = vs(m) —1 = 1, so we must have c(¢) — 6 € p\ 2. If didy & Q;?
then since ¢ is odd we have —qddy € QZQ. Therefore, we may rewrite ¢(¢) — § as a linear
combination of the Q,(y/d;)-linearly independent elements 1 and /—q as follows:

(dydy — 2t) +/—q (iﬁ— de \/d_1> .

1
2V/d;
From this expression we see that c¢(¢) = d mod p? if and only if ve(didy — 2t) > 1 and

+6/\d, =/ 4qd mod p, which would imply that N(3) = dy/4q mod ¢2. However, N(3) =

m/(—qd;) which, under the assumption that v,(d;dy — 2t) > 1, implies that N(8) =

ds/(—4q) mod (2. Therefore we must have that c(¢) —d € p \ p?.
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In summary, we have shown that for n > 2, we have #Sy¢ (E/A) = 3#S,11.m(E/A). In
addition, by Lemma 8.2, S} ,,,(E/A) = Sa.m(E/A). Hence, we have

Z#SL‘e (E/A) = #S7c(EJA) + ) #She (E/A)

n>2
1
= Sim(E/A)+ ) S#Snm(E/A)
n>3
1 1 1
= 5#S1n(B/A) + S#Sam(B/A) + ; S#Snm(E/A),
as desired. O
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