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ABSTRACT. Let X be a cubic surface over a global field k. We prove that a Brauer-Manin
obstruction to the existence of k-points on X will persist over every extension L/k with
degree relatively prime to 3. In other words, a cubic surface has nonempty Brauer set over
k if and only if it has nonempty Brauer set over some extension L/k with 3 { [L : k.
Therefore, the conjecture of Colliot-Thélene and Sansuc on the sufficiency of the Brauer-
Manin obstruction for cubic surfaces implies that X has a k-rational point if and only if X
has a 0-cycle of degree 1. This latter statement is a special case of a conjecture of Cassels
and Swinnerton-Dyer.

1. INTRODUCTION

Let Y be a smooth cubic hypersurface over a field k. Cassels and Swinnerton-Dyer have
conjectured that Y has a rational point if and only if Y has a 0-cycle of degree 1 or, equiv-
alently, that Y has a k-rational point if and only if Y has an L-rational point for a finite
extension L/k whose degree is relatively prime to 3 [Cor76]. Note that if Y is a curve, then
this conjecture follows from the Riemann-Roch Theorem.

Coray took up this question for higher-dimensional hypersurfaces and proved (among
other results) that this conjecture holds over local fields [Cor76, Thm. 4.7]. Thus, the
Cassels—Swinnerton-Dyer conjecture holds over global fields whenever Y satisfies the local-
to-global principle. Conjecturally, cubic hypersurfaces of dimension at least 3 satisfy the
local-to-global principle [CT03].

Cubic surfaces can fail the local-to-global principle |[CG66|, and we have a conjectural
understanding of all such failures. Indeed, Colliot-Thélene and Sansuc have conjectured that
the Brauer-Manin obstruction is the only obstruction to the local-to-global principle. That
is, if X is a cubic surface over a global field k, then a nonempty Brauer set Y (A)B" C Y (Ay)
should imply the existence of a k-rational point. We prove that this conjecture of Colliot-
Thélene and Sansuc implies the conjecture of Cassels and Swinnerton-Dyer. More precisely,
our main theorem is the following.

Theorem 1.1. Let X be a smooth cubic surface over a global field k. If L/k is an extension
with degree coprime to 3, then

X(ApP =0 X(Ap)P =0.

Corollary 1.2. Let X be a smooth cubic surface over a global field k. Assume that the
Brauer-Manin obstruction is the only obstruction to the local-to-global principle for cubic
surfaces over global fields. Then X has a k-rational point if and only if X has a 0-cycle of
degree 1. 0
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The key insight in the proof is that we need only understand n CHy(X) for some n coprime
to 3 to compute the Brauer-Manin obstruction over extensions. (This reduction, which will be
explained in detail in the proof, is due to the bilinearity of the Brauer pairing and the fact that
Brauer elements must be of order 3 to obstruct the local-to-global principle [SD93, Cor. 1]).
We extend a result of Colliot-Thélene [CT20, Thm. 3.3¢] to obtain this desired understanding
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2. PERSISTENCE OF CONSTANT EVALUATION OVER LOCAL FIELDS

In |[CT20], Colliot-Thélene revisits the aforementioned work of Coray [Cor76] and develops
a more flexible version of Coray’s original methods. In doing so, Colliot-Thélene obtains
stronger results on the Chow group of 0-cycles for cubic surfaces |[CT20, Thm. 3.3] (as well
as proving analogues of Coray’s results to other varieties).

In this section, we follow Colliot-Thélene’s proof to give refined information on 2 CHg X
(Lemma which we then use to prove that, over local fields, constant Brauer evaluation
persists over any extension (Proposition .

Lemma 2.1 (Extension of [CT20, Thm. 3.3¢]). Let k be an infinite field and let X C P}
be a smooth cubic surface. If X (k) # (), then the group 2 CHy(X) is generated by classes of
k-rational points.

Remark 2.2. The result of Colliot-Thélene that we extend ([CT20, Thm. 3.3¢]) is stated for
fields of characteristic 0. The assumption on characteristic is used in |[CT20} Proof of Thm.
2.9], which is a refined Bertini result. However, for |[CT20, Thm. 3.3¢| and this extension,
we need only apply this refined Bertini theorem to embeddings of degree 2 and 3 del Pezzo
surfaces given by a (large enough) multiple of the anticanonical bundle and to the degree
2 map S — P given by | — 2K for S a degree 1 del Pezzo surface. The embeddings are
unramified and so a generic hyperplane section is smooth, even in positive characteristic.
Furthermore, away from characteristic 2, the degree 2 map is of finite type and residually
separable so by [Spr98|, Section 4], a generic hyperplane section is smooth. In characteristic
2, we prove directly that a generic hyperplane section is smooth (see Proposition .

Proof. By [CT20, Thm. 3.3¢] we know that CHg(X) is generated by classes of k-rational
points and closed points of degree 3. Moreover, the standard technique of considering a line
through a degree 2 point shows that every degree 2 point is already a sum of two k-rational
points in CHy(X). Hence, to prove the lemma it is enough to show that if @) is a degree
3 closed point of X, then 2@) is rationally equivalent to a linear combination of points of
degree 1 or 2.

Following |[CT20, Proof of Thm. 3.3] we let R, S be general k-rational points in X, take
the blow up p: ¥ — X of X at R and S, and consider the line bundle

—QKY = p*(—QKx) — 2ER — 2Es,
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where Er and Eg are the exceptional divisors above R and S. Since Y is a del Pezzo surface
of degree 1, the linear system | — 2Ky| defines a degree 2 map f: Y — P? whose image is
a quadric cone. As p*(Q) € Y is a closed point of degree 3 in Y, and the image of f is two
dimensional and it generates P3; we may apply [CT20, Thm. 2.9(b)] to find a nice k-rational
curve I' in | — 2Ky| and an effective divisor z C I' that is rationally equivalent to p*(Q).
By adjunction, we see that
I'(I'+ Ky)
2
Since I''EFr = 2, w := I'N ER is an effective degree 2 divisor in I'. Applying Riemann-Roch
to the degree 2 divisor 2z — 2w on the genus 2 curve I'; we find an effective degree 2 divisor
w’ such that w’ = 2z — 2w € PicI'. Since z = p*Q € CHy X, this shows 2p*Q ~ w' + 2w,
and so, in particular, 2@ is rationally equivalent to a sum of degree 1 and 2 points. O

Proposition 2.3. Let X be a cubic surface over a local field k with X (k) # 0 and let o €
Br X[3]. Ifevy: X (k) — Brk is constant, then for all finite extensions L/k, ev,, : X(L) —
Br L is constant with image equal to [L : k](imev,,).

Proof. If P € X(L) is contained in X (F) for a subextension k¥ C F' C L, then ev,, (P) =
[L : F]-evy.(P). Thus, it suffices to prove constancy on points P € X (L) that are not
defined over any proper subfield of L, i.e., those points that define 0-cycles over k of degree
[L : k]. In addition, since Cory, s is an isomorphism, it suffices to prove that Cory ;0 ev,, is
constant with image equal to [L : k](imev,).

Lemma implies that 2P, viewed as a 0O-cycle over k of degree 2[L : k], is rationally

g(0) =1+ =2,

equivalent to a sum of k-points Ry, ..., Ryz.4). Thus, we compute
Corp /i (eva, (P)) = Corp i (eVaa, (P)) = Corp i (evaa, (2P))
2[L:k]

=) evaa(Ry) = 2[L : k] (imevs,) = [L : k] (imev,),
where the first and last equality follow from the fact that « is 3-torsion. U

3. PROOF OF THEOREM [L.1]

Lemma 3.1 (JCTP00, Proof of Lemma 3.4] ). Let X be a smooth cubic surface in P* over a
local field k such that X (k) # 0. Then for each o € Br(X) the image of the evaluation map
evy: X (k) — Br(k) is a group coset.

Remark 3.2. The proof of Lemma 3.4 in [CTP00] can be applied verbatim to prove this
lemma. However, since the statement [CTP00, Lemma 3.4] differs from that of Lemma ,
we repeat the proof for the readers’ convenience.

Proof. Let S = im (ev,: X(k) — Q/Z). Since S # 0, it is enough to show that for all
x,y,z €S, wehave x +y— 2z € S. Let P,Q, R € X(k) be preimages of x,y,z € S. Because
the evaluation map is locally constant and X is smooth we may assume that P, (), R are not
co-linear and are such that the plane through them intersects X in a smooth genus 1 curve I'.
Applying Riemman-Roch to the degree 1 divisor P+ @) — R in I', we find 7' € I'(k) rationally
equivalent to P + () — R. As rationally equivalent zero cycles are Brauer equivalent, this

shows that ev,(T) = z + y — z and so by definition z +y — 2z € S. O
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Lemma 3.3. Let X be a smooth cubic surface over a global field k. Assume that X 1is
everywhere locally soluble. If X(A)® = 0, then there exists an o € Br X[3] such that
X (Ap)* =0 and such that ev,: X (k,) — (Brk,)[3] is constant for all v € Q.

Proof. The first statement follows from [CTP00, Lemma 3.4]. (Note that although |[CTP00,
Lemma 3.4] is stated for number fields, the proof applies to all global fields.) By Lemma ,
for each v € Q, the image of ev,, is a group coset. Thus, ev,: X (k,) — (Brk,)[3] is either
surjective or constant. Assume there exists a vy € € such that ev, is surjective on X (k,,)
points. Then, for any (P,) € [],,, X (k,), there exists a P,, € X(k,,) such that

v, (eve(Py)) = Z inv,(evy(P,)),
VF£VQ
so in particular (P,) € X (Ay)®, which contradicts the first statement. Thus, ev,: X (k,) —
(Br k,)[3] is constant for all v € Q. O

Proof of Theorem[I.1. The implication X(Az)?* = 0 = X(A;)P" = 0 follows from the
compatibility of the Brauer-Manin pairing with corestriction (see, e.g., [CV|, Lemma 2.1]).
Thus, it remains to prove the reverse implication, so we assume that X (A;)5" = 0.

If X(AL) = 0, then the result is immediate. Assume that X (Ap) # 0. Since 3 1 [L : k],
for every v € Uy, there exists a w € Qp, w|v such that [L,, : k,] is also coprime to 3. Since
X(Ly) # 0, by [Cor76, Thm. 4.7], X (k,) # 0. Hence X(Ay) # 0. Since, by assumption,
X (Ap)P" = 0, Lemma implies that there exists an « € Br X[3] such that X (Ag)* = ()
and, for all v € Qy, ev,: X(k,) — (Brk,)[3] is constant.

Let (P,) € X(Ap). To show that (P,) ¢ X(A.)*, we must compute that

Z invy(eva,, (Pw)) = Z Zinvw eVa,, (Po)
weNT, vEQ, wlv
is nonzero in Q/Z. By Proposition , eVa,, (Po) = [Lw : k] eva(X(k,)). Thus,
> invi(eva,, (Pu) = Y > [Lw k) invy(eva X (ko)) = [L: k] D invy(eva X (k).
weN], vEQE wlv VEQ

By assumption, X(A;) # 0 and X(A;)"" = 0, thus . inv,(eve X (k,)) is nonzero in
37Z/Z. Hence, since 3 { [L : k], the above expression is also nonzero in 37Z/Z, and so we
complete the proof. O

APPENDIX A. BERTINI FOR DEGREE 1 DEL PEZZO SURFACES IN CHARACTERISTIC 2

Proposition A.1. Let k be a field of characteristic 2 and let S be a smooth del Pezzo surface
of degree 1 over k. Let ¢: S — Q C P3 be the map given by the linear system | — 2Kg|,
where Q C P3 denotes the quadric cone. Then there is a dense open U C P3 such that, for
all H € U, the fiber Sy is smooth.

Remark A.2. Note that ¢ is a ramified double cover which is not residually separable, and
so, to the best of our knowledge, no general Bertini theorems apply.

Proof. Let R C S denote the ramification locus of ¢. If x € S — R, then ¢|y is smooth at x
for all H containing ¢(x). Let us consider

W ={(r,H) : ¢(r) € H and Sy is not smooth at 7} C R x P>
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To prove the theorem, we must show that the second projection W — P3 is not dominant,
i.e., that the image has dimension at most 2.

Recall that S can be given as the vanishing of a sextic hypersurface in P(1, 1,2, 3), and
under this identification ¢ is the projection onto P(1,1,2). Let F denote the degree 6
polynomial that defines S, and let the z,y, z,w denote the variables of weights 1,1,2,3,
respectively. Then R is given by the vanishing of the equation 0, F, which is nonzero since
S is smooth.

We will show that over an U C R, the morphism 7;: Wy — U has 1 dimensional fibers.
Thus, the image of Wy has dimension at most 2. Since m(Wp) is contained in a hyperplane
for any P € R, this suffices to show that the map m5: W — P3 is not dominant.

Let P € Rand let H € A3. We will restrict to considering H that are given by an equation
of the form z + apx?® + a;ry + asy®. Then Sy is singular at P if [ag, ay, as, b] is in the kernel
of the matrix

z(P)?  x(P)y(P) y(P)?*  z(P)
0 y(P)OF)(P) 0  (9F)(P)
0 z(P)O.F)(P) 0 (9,F)(P)
Over an open set U C R we may assume that one of z,y and that one of 0, F, 0, F, 0. F are
nonzero at P. Thus, this matrix has rank at least 2, and so the fiber of m; at P is a P!, as
desired. 0
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